Econometrics

David Preinerstorfer

Institute for Statistics and Mathematics
Dept. of Finance, Accounting and Statistics

WIRTSCHAFTS
UNIVERSITAT
WIEN VIENNA
UNIVERSITY OF
ECONOMICS
AND BUSINESS




Last week:

. Consistency.
. Omitted variables, variable selection.

. Regression diagnostics.
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. Taking care of heteroskedasticity and autocorrelation.



Plan for today:

1. Time series
2. Empirical autocovariances, stationarity testing, residual analysis
3. Models: Stationary processes, AR, MA, and ARMA models.



Time Series Analysis: Overview

® Time series

ARMA models
GARCH models

® Non-stationary models
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Time series data

A times series is a collection of observations (y1, ..., yr) made sequentially over time
t=1,...,T

Observations are usually taken at equally spaced time points (frequency: yearly,
monthly, quarterly, daily)

® Univariate time series: single observation at each time point ¢

Multivariate time series: multiple observations at each time point ¢

L
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SPY plotted against time:
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QQQ plotted against time:

QQQ [2020-01-02/2025-05-23]
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Gold price plotted against time:
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BTC-USD plotted against time:
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Time series analysis

m Classical statistical methods assume that the data y1,. .., yr are realizations of a
sequence of iid random variables Y;.

® Time series analysis takes dependence between adjacent observations into account.

® Times series analysis assumes that the data y1, ...,y are a realization of a
discrete-time stochastic process Y;, t =1,...T.

® Each observation y; is a realized value of the random variable Y, t = 1,...T. Time
series observations y; and y, are dependent, if the corresponding random variable Y;
and Y; are dependent.

L
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The empirical autocorrelation function

The empirical autocorrelation r; at lag 1 is defined as:

T g o T e
r1 = Corr(ye_1, 1) = %Z <yt;y y) _ (ytsy y) _ Zt:EZ(%t:(yt zi)(yy)t2 9)

t=2
The correlation between time series observations h periods apart, i.e., y; and y;_p, is
called the empirical autocorrelation at lag h

T
1 G o
ry, = Corr(yi—p, yt) = 7 E : (yt h l/) ) (yt y) .

S S
t=h+1 v Y

Note that 1o =1 and —1 < rj, < 1.

L
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The empirical autocorrelogram

The plot of r;, against lag h is called the correlogram. It displays information about
serial dependence in the time series (serial dependence over h periods small, if ry = 0).

In R you use the function acf after converting a time series to a ts object (left
unadjusted, right diff-log)

SPY.Close SPY.Close
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Testing in the empirical correlogram I

® The empirical autocorrelation 7, = Corr(y;—p, y:) is an estimator for the theoretical
autocorrelation p(h) = Corr(Yy, Y;_p) of the underlying process Y;.

m If the underlying process Y; is an iid sequence, then the autocorrelation p(h) is 0 at
any lag h # 0O:
1 for h =10
h =
plh) {0 for h— 41,42, ...

Even if the underlying process Y; is iid , the empirical autocorrelations r, for T'
realizations w1, ...,y are typically different from 0 for h > 1 due to statistical
variation:

L
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Testing in the empirical correlogram II
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Testing in the empirical correlogram II1

If the underlying process Y; is iid , then the empirical ACF rp, of any sequence of
observations y;,t = 1,...,T has the following property:

1

Brn)=—7, V()=

T.

Asymptotically, i.e., for T' large, r}, is normally distributed:

11
rp, ~ Normal <T’ T>

Test autocorrelations independently for each lag h.

L
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Testing in the empirical correlogram IV

® Under the null hypothesis Hy : p(h) = 0, the absolute value of 7, does not exceed
2/+/T with probability approximately equal to 0.95, i.e.,

2
P(|lrp| < —=) ~ 0.95.
(| h| = \/T)

Note: due to multiple testing, the risk to reject a true null hypothesis Hy is larger than
5%.

L . .
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Testing in the empirical correlogram V

Box-Ljung-Statistics

m A test statistic for the null hypothesis that there is no autocorrelation up to order h
Hy:p(l) =---=p(h) =0is the Box-Ljung-Statistic (Q -statistic) at lag h

® The Box-Ljung-Statistic does not assess single autocorrelations but aggregates all
autocorrelations r1,...7, up to lag h

h
Q) =TT +2)3 Tk

where T is the number of observations.

® Under the null hypothesis (no autocorrelation up to lag h) @ is asymptotically
distributed as x? with /. degrees of freedom

Q(h) ~ xi,

A

. - A=t . <R
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Testing in the empirical correlogram VI

® The null hypothesis is rejected, if Q(h) > Xlzz;l—a' or of the corresponding p-value is
very small.

Both testing methods have little power for small 7" and might detect small significant,
but irrelevant autocorrelations for T large.

L . .
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Residual analysis in regression models I

Residual analysis in a regression model involving time series is important, because errors
in such a model are often autocorrelated, i.e.,

1 pr - pr-1

P I pro
Cov(e|X) = E(e€) = 0?Q = 0 _ o _
pPT-1 Pr-2 - 1

L . .
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Residual analysis in regression models 11

Residual diagnostics

m Use the empirical ACF of the OLS residuals to test, if assumption AH (uncorrelated
residuals) holds. Since the mean of the OLS residuals is equal to 0, the computation
of r,, simplifies to:

1 N

Th = —— Ei€ih-
e'e
1=h+1
® Check the Durbin-Watson Statistic (standard output of a regression analysis in most
software packages).

m Perform the Breusch-Godfrey test

L
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Residual analysis in regression models I11

The Durbin-Watson Statistic

N . R
g = 2ima(E =€)’
— ZN =
i=15i
can be used to check for first-order serial correlation of the OLS residuals &; = y; — ¥;
in a regression model:

® d is an estimator of )
E((ei —€i-1)%)
E(e?)

K2

D =
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Residual analysis in regression models I'V “U

If AH (homoskedasticity) holds (i.e., V (¢7) = 0?), then

b E(e?) + E(a%(lg)Q)— 2E(gi-1£4) _ 02;—202 —2p(1) = 2(1 — p(1)).

%

If there is no serial correlation in the errors ¢; at lag 1, i.e., E(g;_1¢;) =0, then D = 2.
Hence, the Durbin-Watson statistic d will be close to 2. If there is serial correlation in
the errors ¢; at lag 1, then D = 2(1 — p(1)) is different from 2.

L
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Residual analysis in regression models V

® If autocorrelation at lag 1 is positive, i.e., p(1) > 0, then 0 < D < 2. Hence, the
Durbin-Watson statistic will be (considerably) smaller than 2.

® |f autocorrelation at lag 1 is negative, i.e., p(1) < 0, then 2 < D < 4. Hence, the
Durbin-Watson statistic will be (considerably) larger than 2.

m No explicit sampling distribution is available for the Durbin-Watson statistic d.

Use the empirical ACF to test more formally the null hypothesis that no serial
correlation is present.

L
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Residual analysis in regression models VI

The Breusch-Godfrey test
The Breusch-Pagan test for autocorrelation is based on an auxiliary regression of &;

on p lagged residuals €;_1,...,€;—p, and the regressors:
Ei=xB+méic1+ ... +FWliop + & (62)
Test the null hypothesis Hyp:y1 = ... =y, = 0 using the F-statistic (follows

Fy N—(k+p+1) under Hp) or the test statistic N - R?, where R? is the coefficient of
determination of the auxiliary regression model (62), which follows a x? distribution
under Hy.

L
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OLS estimation under autocorrelated er- “U
rors |

® |f the errors are correlated, then the standard errors of the OLS estimator are biased.
E.g. if the majority of autocorrelations is positive, then standard errors are too small.

® The Newey-West (HAC) estimator corrects the standard errors of the OLS
estimator. It requires the choice of a lag length p, such that all correlation p; are set
to 0, if j > p and reduces to the White Heteroscedasticity consistent estimator for
p=0.

= More efficient estimator than OLS are available, if we know €2 (GLS estimator) or if
we model the dependence structure in 2, e.g., by an ARMA model (maximum
likelihood estimation).

L
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OLS estimation under autocorrelated er- “U
rors 11

Newey-West (HAC) estimator
It can also be applied, if the variance is heteroskedastic, i.e., V (g;) = o2, hence
Cov(ei, €i—j) = 0i04—;jp;, or equivalently,

Cov(e | X) = Y202 % = Diag (o7...0%).
In this case, the covariance matrix of the OLS estimator is given by:
Cov(B | X) = (X'X)'QX'X)1, (63)

where = X'Z1/2Q31/2X. (63) is robust to heteroskedastic and autocorrelated
errors, hence the name HAC.

e
= . PN
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OLS estimation under autocorrelated er- “U
rors II1

Since 0,—j := 0y0,_jp; = 0 for j > p, Q is given by:

Q= ZUXX1+22011](XXZ ]+X11 )N

j=1li=j+1
z:éQX'XZ ij Z Eifij(Xixi—j +Xi_;x;) | = Q.
N—(K+1) K-‘r—l =

Note that £;¢;_; is a (one-point) estimator of ¢;;_; for j < p with weight
wj=1-7j/(p+1).

Using Q) as an estimator of 2, one obtains asymptotically robust t-tests, F-tests,
confidence intervals, etc. (under suitable assumptions).

e
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OLS estimation under autocorrelated er- “U
rors IV

Generalized least square (ctd.)

The weighted least square estimator (61) introduced to deal with heteroskedasticity is a
special case of the generalized least square (GLS) estimator which is more efficient than
OLS, if the covariance matrix Cov(e | X) = €2 is known (note that in this definition,
Q is a full covariance matrix, rather than a correlation matrix).

Consider the Cholesky decomposition of the inverse matrix =1 = C'C (or
equivalently, @ = C~1(C")~1).

The matrix C is used to transform the original regression model such that the new
disturbances satisfy assumption AH.

L
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OLS estimation under autocorrelated er- “U
rors V

This yields:

Cy=CXB+Ce=y" =X*3+¢e", (64)
E(e* | X*)=C -E(e | X*) = 0,
Cov(e* | X*) = C - Cov(e | X*)C' = CQC’' = CcC}(C)IC =1L

OLS estimation for the modified regression model (64) is the BLUE for 3:

Baws = (X'Q1X)"1X'Q ly, (65)
Cov(Bers) = (X'Q1X)~1, (66)

L
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OLS estimation under autocorrelated er-
rors VI

W

Proof of (65):

BGLS = ((X*)/X*)fl(X*)ly*z (X’C’CX)*X’C’Cy
= X' X)X ly.

Proof of (66):
Cov(Bars) = (X'Q'X)'X'Q 'Cov(e | X)Q X (X'Q71X)
= X' 'x) "' Xo oo 'xxo !'x)!
= (Xo'x) L
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Financial time series |

Financial time series: stock prices and indices, exchange rates, commodity prices
(usually denoted by p;). Often, the quantity of interest are the log returns vy,
(continous compounding) or simple returns 7, (discrete compounding) :

y¢ = logpy — log pr—1 = log(ps/pi—1),

Ry e Y

Pt—1 Pt—1

Tt

Log and simple returns are related as follows:

ye =log(1+ 1), 7 =exp(y) — 1.

and differ with respect to second and higher order moments and the mean 7 is not
equal to 7.

L
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Financial time series 11

Stylized facts for financial returns

m Often, log returns are assumed to follow a normal distribution, but typical deviations
are skewness and fat tails. Fat tails may be captured by the Student ¢ distribution.

m Test for normality could be based on the histogram and the Jarque-Bera statistics or
Quantile—Quantile plots.

® Financial returns are potentially autocorrelated, i.e., Corr(y;, y;—n) # 0 (consider
empirical ACF of y;) and display volatility clusters, i.e., Corr(y?,y2 ;) # 0 or
Corr(|ye|, [ys—n|) # 0 (consider empirical ACF of 32 or |y;|). This means that the
returns y; and y,_j, are dependent, even if they are uncorrelated.

L
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Discrete-time Stochastic processes

A times series y1,...,yr is considered a realization of a discrete-time stochastic

process Y;, t=1,...T.

® A discrete-time stochastic processes can be described by specifying the joint
probability distribution of Y;,,...,Y;, for any set of time points ¢1,...,t, and any
value n

® Foreacht =1,...,T, the process Y; has

® finite mean 1, = E(Y;) which defines the expected level and finite variance o7 = V (v;)
which describes the fluctuations of Y; around .

= At time ¢, the process Y; varies with probability 1 — o between
[t = Ct.aj20t, it + Cr1—a/20t], where ¢y, is the appropriate quantile (e.g., of the
standardized normal distribution, if Y; is Gaussian).

® For mathematical simplicity, one often assumes underlying process Y; with ¢ € N or
teZ.

L
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Autocovariance and autocorrelation “U
function I

The autocovariance function
Y(t,s) = E((Yt — ) (Ys = Ms)) =7(s,1)

and the autocorrelation function (ACF)

Y — }/s* S tv
p(t7s>:E(t a3 “)J( %) _ ps,1)
ot Og Ot0g

describe dependence between Y; and Y. The random variables Y; and Y at different
time points ¢ and s are possibly correlated, if v(t, s) and p(¢, s) are different from 0.

[
= . PN
Slide 274 Equis Bl aacss <G AMEA



Autocovariance and autocorrelation
function I1

® If p(t,s) =0, then ¥; and Y; are uncorrelated.

m If p(t,s) >0 (t < s), then Y; and Y are positively correlated
® for Y; > u; we expect Yy > s
® for Y; < u; we expect Yy < s

m If p(t,s) <0 (t < s), then Y; and Y; are negatively correlated
® for Y; > u; we expect Yy < pg
B for Y; < u; we expect Yy > pg

L - o
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Autocovariance and autocorrelation “U
function I11

Dependence between Y; and Y;_1,Y;_o,... implies that the conditional distribution of
Yi | Li—1 , where I;_1 = (Y;—1,Y;—o,...) refers to the information available at time
t — 1, is different from the marginal distribution of Y;:

E(Y; | Ii—1) # e = E(Y?)
V(Yi| L) # 07 =V (Yh).

Time series models are usually defined as dynamic stochastic models, by specifying the
conditional distribution of Y; | I;_;.

L
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Dynamic stochastic models

Specify the conditional expectation E(Y; | I;—1,0) and the conditional variance
V (Y | It—1,0) up to unknown parameters 6.

If the conditional distribution of Y; | I;_1, 0 is assumed to be a well-known distribution
family (e.g., normal distribution) with p.d.f. p(y; | Iy—1, @), then this defines the p.d.f.
p(y1,...,yr | 0,1) of the joint distribution of Y7,..., Y7 given 0 and initial
information Iy:

T
p(yla <o YT | 97[0) = Hp(yt | Itflve)' (67)

t=1

Properties of the joint as well as the marginal distribution p(y; | 8, 1) can be derived
from the conditional distribution.

A
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White noise processes

A white noise process Y; has a constant mean (i.e., E(Y;) = u) and is a sequence of

uncorrelated random variables, i.e.,
v(h) =p(h) =0 for h=+£1,42,...
For a zero mean white noise process, p = 0.

A Gaussianity assumption here implies for a white noise process that the random
variables Y; are an independent white noise process (but not necessarily identically
distributed, in particular V (Y};)) need not be constant).

L
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Example 1: Gaussian iid sequence

Y, =2+¢;, & ~ Normal(0,0.16) Left hand side: simulated path of Y; ( Red/full line:
pe =2, 02 = 0.16; blue/dashed lines: p 4 1.960 = 2 4 1.96 - 0.4); right hand side: empirical

ACF

Wl
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Stationary Processes

A stochastic processes is called weakly stationary (second order stationary), if the
second moments of Y; exist and

® mean and variance are constant over time: py = p and 0t2 =0

® the autocovariance function (¢, s) and the autocorrelation function p(t, s) depend
only on the lagh =1t — s, i.e.,

Ats) =t =) =A(h),  plt,s) = p(t — ) = p(h).

Strong stationarity: for any value 1 <n < T, any t; < ts < ... < t,, and any integer
h the joint probability distributions of Y3 ,...,Y;, and Y; 4p, ..., Y}, 4+ are the same
(assuming that the indexation makes sense).

n

L
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Mean reverting processes

Stationary processes are typically mean reverting:

® If p(h) > 0, then Y; tends to be above (below) the long-run level p, if Y;_}, is above
(below) the long-run level p.

m If p(h) <0, then Y; tends to be above (below) the long-run level 1, if Y;_}, is below
(above) the long-run level u.

In both cases, the process reverts to the level 1 and is independent of the current value
Y; in the long run.

L
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Example 2: AR(1)-process

Y, =0.8Y;-1+2+¢e;, & ~ Normal(0,1) Left hand side: simulated path of Y; ( Red/full

line: p; =10, o7 =1/0.36; blue/dashed lines: 14+ 1.960 = 10 4 1.96 - 1/0.6, right hand side:
empirical ACF

.
- . PN
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Examples of non-stationary stochastic “U
processes |

B The process Y; = Y;_1 + ¢ is called a random walk (e; is a white noise process).
The random walk is not stationary, see Example 3.

® The process Y; = 2 + 0.01¢ + &¢, has an increasing level u; = 2 4 0.01¢, hence Y; is
not stationary, see Example 4. However, the process Y; — p; = &, is stationary. Y; is
a trend stationary random process.

The empirical autocorrelogram (based on constant mean and variance) declines slowly,
because both processes are non-stationary.

L
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Examples of non-stationary stochastic “U
processes 11

Example 3: Random walk process with drift
Yi=Y,1+02+¢, & ~Normal(0,1),Y;=0

Left hand side: simulated path of Y; ( Red/full line: u; = 0.2t, 02 = ¢; blue/dashed lines:
+1.96+/%), right hand side: empirical ACF
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Examples of non-stationary stochastic “U
processes 111

Example 4: trend stationary random process
Y; =2+0.01t + &, & ~ Normal(0,0.36)

Left hand side: simulated path of Y; ( Red/full line: y; = 2+t, 02 = 0.36; blue/dashed lines:
+1.96 - 0.6), right hand side: empirical ACF

wwwww
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Modelling Strategies

Modeling stationary time series:

® ARMA models and GARCH models

Modeling non-stationary time series:

® Random walk processes and ARIMA models

® Trend stationarity: &, = Y; — p; (where p; models a trend) is stationary

Unit root tests to test for stationarity

Slide 286

L -
“Equis B.Y aacss

< AMBA



WIRTSCHAFTS
UNIVERSITAT

Outline S

AND BUSINESS

= ARMA models

Slide 287




ARMA models

® Autoregressive moving-average (ARMA) processes model the conditional expectation
E(Y; | I;—1,0) as a dynamic model, whereas the conditional variance
V (Y; | I;-1,0) = o2 is assumed to be fixed (but unknown).

® Appropriate for modelling the autocorrelation structure of stationary time series.

m Stationary ARMA processes are completely identified from their autocovariance or
autocorrelation structure y(h) and p(h).

ARMA processes are dynamic stochastic models, driven by innovations (shocks)

following a zero mean white noise process &; with constant variance o2, which is

assumed to be independent of I;_1, i.e.:

E(Et | Itfl) = E(&ft) = 0,
V(e | [-1) =V (g) = 02
There are basically two lines of thinking to introduce dependence of E(Y; | I;_1,6) on

the past information: AR models include past levels, e.g., Y;_;, and MA models
introduce past innovations ¢;—j. ARMA models combine both. o




Autoregressive Processes I

The AR(1)-process is defined as

Yy = ¢Yi1 + e, (68)

where ¢ is an unknown parameter and ¢t € Z, if the process starts in the infinite past,
and t € Ny, if the process starts with initial value Y.

An AR(1) process is stationary, if |¢| < 1.
It reduces to a zero-mean white noise process, if ¢ = 0.
It corresponds to the random walk Y; = Y; 1 + &; for ¢ = 1.

For |¢| > 1, the process is “explosive”.

L
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Autoregressive Processes I1

Moments of a stationary AR(1) process
The AR(1) process can be represented in the following form:

Y; = Zqﬁjetﬁ'. (69)
7=0

The proof of (69) is based on recursive substitution:

Y;} =&+ ¢th—1 =&+ (;5(5,5_1 + ¢Y't_2)
=&+ g1+ ¢? (Et_g + ng;_g) — =

o0
=2 ey
j=0

Slide 290 Tancse <G AMBA




Autoregressive Processes 111

If |¢] < 1, then the absolutely summability condition holds:
[ee]
. 1
oIl = —
210 = 1

and the AR(1)-process is stationary:

E(Y;) =EQ)_#er ;)= ¢'Bler;) =0,
j=0 =0
V) =V [Y e | =D 6%V (ay) 1_E¢2.
=0 =0
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Autoregressive Processes IV

Examples of stationary AR(1)-Processes

A stationary AR(1)-process is mean reverting, even if it starts from an extreme
deviation from the mean: 2 simulated time series with Yy = 4 and Y, = —2; left:
¢ =0.3, 02 = 0.36; right: ¢ = 0.8; 02 = 0.09)

/\/\M/\/\M I\ [l

L
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Autoregressive Processes V

Examples of nonstationary AR(1)-Processes
A non-stationary AR(1)-process is not mean reverting
left: @ =1 (random walk), right: ¢ = 1.02 (explosive)

Slide 293




Autoregressive Processes VI

Autocorrelaton of a stationary AR(1) process

For a stationary AR(1) process the autocorrelation function at lag h > 0 is given by

p(h) = "
Proof: use (69) and the uncorrelatedness of &; to show that

oo oo
Cov(Ys,Yiun) = B(Y: - Yign) = > > ¢ "Elerjerini) =
=0 k=0

oo oo 2
iR (e2 ) = o2 j shti — gh_ e hy?.
JZZOQSJW (Et—]) O-EjZZOW¢ ¢ ¢) ¢

Hence, Cov(Y3, Yien) = v(h) for all t and p(h) = v(h)/o? = ¢".

G

A -
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Autoregressive Processes VII

The ACF of an AR(1) process decays exponentially toward 0:
m If |¢| is close to 0, then the ACF decays quickly.
m If |¢| is close to 1, then the ACF decays slowly.

m If ¢ <0, then the ACF alternates between positive and negative values and the
process is oscillating between positive and negative values.
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Autoregressive Processes VIII “U
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ACF of an AR(1) process with various values of ¢.
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Autoregressive Processes

Y} is called an autoregressive process of order p or AR(p)-process if

Yi=¢1Yio1+ Yo+ ...+ dpYip +&p. (70)

® p is the order of the process; ¢1, ..., ¢, are the parameters of the model

An AR(p) process is not necessarily stationary. The stationarity conditions are more
complicated than for an AR(1)-process (more about this later).

L
Slide 297 “rquis [N aacss <P AMBA



Moving Average Processes |

The second way to construct correlated processes is to include past shocks €;_; into the
definition of the conditional expectation.
The MA(1) Process Y; is defined as

Yy = 0si—1 + &4

For 6 = 0, the processes reduces to a zero-mean white noise process. The moving
average process of order g or MA(q) process Y; is defined as

Y = 01641 + 0540+ -+ qut—q + &¢. (71)

q is the order of the model and 6, ...,6, are unknown parameters.
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Moving Average Processes 11

Moments of the MA processes
MA processes are always stationary (define 6y = 1):

q
29 Et— ] Z(%E(eftfj) =0,
7=0
q q
Ze )= O3V (ej)=02) 05
Jj=0 j=0
q—h q
h) = (Q_0i05:)/(Q_07), for1<h<g, (72)
=0 =0

and p(h) = v(h) = 0 for h > ¢q. The ACF of the MA(q) process ' cuts off’ at lag ¢.
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Moving Average Processes I11

Autocorrelation function
Proof of (72): use the uncorrelatedness of ¢; and define 6; =0, if j > ¢:

q

q
Cov(Yy, Yiyn) = ZZG Ok E(si—jerin—r) =
7=0 k=0

q q—h
> 0,0;1nE(er—;) = 02> 0;0;4n)
Jj=0 j=0

does not depend on t: Cov(Y;, Yiin) = v(h). Furthermore, y(h) = p(h) =0 for h > gq.
Finally, p(h) = v(h)/o? for h < q.
For an MA(1) process is p(1) = 8/(1 + 62) and 0 otherwise.
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Moving Average Processes IV

Example: MA(1)-Process with § =0.5
Left: 200 time series observations, right: empirical autocorrelation function

s
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Moving Average Processes V

Invertibility
The MA(1) process is not uniquely determined by its ACF as the processes

1
Yy = e+ Ogy1, Xy =¢e+ g1

have identical ACF:
i 0
_ 6 _
I+5  1+06?

px (1) = py(1).

The MA(1) process is uniquely determined by its ACF if 6 satisfies the invertibility

condition |0] < 1.
Similar issues arise for general MA processes.

[
= . on
Slide 302 Equis Bl aacss <G AMEA



