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Last week:

1. Time series
2. Empirical autocovariances, stationarity, residual analysis

3. Models: Stationary processes, AR, and MA models



Plan for today:

1. ARMA models.
2. ARIMA models.
3. ARCH and GARCH models.



ARMA models 1

A process Y; containing p AR terms and ¢ MA terms is called an ARMA(p, ¢) process:

Yi=01Yi 1+ ¢2Y o+ -+ Y+
+ 01641+ O26p_ 0+ + antfq + &¢.

® pis the order of the AR part; ¢1,..., ¢, are the autoregressive parameters of the
model

® ¢ is the order of the MA part; 61,...,6, are the moving average parameters of
the model
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ARMA models I1

Representation of MA(1) as AR(c0)
According to representation (69), every stationary AR(1) process has a representation

as an MA(c0) process.
Based on recursive substitution of ¢,_; =Y;_; — fe;_;_1, the MA(1) process has an

AR(c0) representation:

Vi =ep+ 01 =er+0Yiq — 0% (73)

oo
=e+ 0V — Y+ ez = =ty (1)
j=1
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ARMA models 111

The lag operator
The lag operator B moves the index of a variable Z; back one time unit. Applying it k

times, moves the index back & time units:

BZ, =71, B2Z,=B(BZ)=BZ_1=25 B‘Z =27 _,.

Using B, we can rewrite AR processes and MA processes as:

AR(D):  (1-9B)Y; =&,
AR(p):  (1—¢1B— - —¢pB")Y; =¢y,
MA(1) Y; = (14 60B)ey,
MA(q): Yi=({1+6B+...+60,B%e;.

L
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ARMA models IV

Introducing the characteristic polynomial of the AR(p) and the MA(q) process,
¢(B)=1-—¢1B—...— ¢,B",
O(B)=1+6,B+ ...+ 0,59,

leads to a compact way to write ARMA processes:

AR(p):  ¢(B)Y; =&y,
MA(q): Y, =0(B)ey,
ARMA(p,q): ¢(B)Y; = 0(B)e.

L
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ARMA models V

Revisiting the AR(1) process
Define the inversion operator ?(B) = (1 — #B)~! to be the operator so that
6%(1 — ¢B) = 1 is equal to the identity operator. Then, if |¢| < 1, we obtain:

0°(B)=(1—¢B) ' =1+ ¢B+ ¢’B>* +¢*B> +.... (74)
If we apply this to invert the AR(1)-process, then we obtain representation (69):

Y = (1-¢B)"'(1-¢B)Y; = 6°(B)e;.

L
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ARMA models VI

Representation of AR(p) as MA(c0)
To invert an AR(p)-process in a similar way, a factorization of the characteristic
polynomial ¢(B) of the AR(p) process is needed:

P
¢(B)=1-¢1B—...— ¢,B" = [[(1 - \;B), (75)
j=1
where for each j =1,...,p: |Aj| < 1. Using the representation involving the p roots
Als. .., Ap of ¢(B),
P
¢(B)=1—¢:1B—...—¢,B" = [[(B-)),
j=1

the requirement |\;| < 1 is equivalent to the condition:

L
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ARMA models VII

all roots \; of ¢(B) lie outside of the unit circle, since

- - 1
(B - )\J) = —)\j(]. - )\jB), with )\j = 5\7
J

A1, ..., Ap are also called the inverted roots of ¢(B). The inverted roots A; might be
complex, but they lie within the unit circle, since ;] < 1.
If |A;] <1, the AR(p)-process has a representation similar to (69):

Y=Y e (76)
=0
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ARMA models VIII

Proof of (76): invert the AR(p)-process as follows:
P
Y =¢(B)'¢(B)Y; = [[(1 - \B)~ H 0% (B)e,
j=1

where 0% (B) is defined in (74).
E.g. forp=2:

0 (B0 (B) = (1+ M\ B+ A2B2+ - )(1+ \B + \2B2 +-+)

oo J J
=2 Qo ANTB Z% IRVEDILIR A
k=0 k=0

J=0

L
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ARMA models IX

Stationarity of AR(p)-processes

It turns out that with [A;| < 1 the absolute summability > °°  [¢;] < oo is satisfied.
Hence, the expectation of Y; is zero. Representation (76) can be used to compute
Cov (Y3, Yian) and shown that Cov(Y:, Yiip) = v(h) < 0o, hence the AR(p)-process is
stationary.

If we evaluate polynomial (75) at B = 1, then |\;| < 1 implies:

P

l—¢1—...—dp=[[A-XN) >0 1 +...+ 6, <1 (77)
j=1

Note that (77) is a necessary, but not sufficient condition for stationarity.

L
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ARMA models X

Stationarity of AR(2)-processes
The roots of 1 — ¢1 B — ¢ B% = 0 are given by:

—p1 £+ /97 + 4o

5\ =
[Ar2| = | 265

|>1

The roots are complex, if ¢3 + 4¢s < 0.
Region of stationarity is characterized by:

1+ g2 <1, ¢1—d2>—1, ¢2> -1
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ARMA models XI

AND BUSINESS

If the inverted roots of an AR(2) model are complex, then the corresponding
autocorrelation function shows a sinusoidal decay.

1

08 ]
06 1
04 1

02r B

L
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ARMA models XII

Simulated process with ¢1 = 1.5 and ¢ = —0.7:
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WIRTSCHAFTS

ARMA models XIII

AND BUSINESS

Corresponding empirical ACF:

Correlogram of Y_AR2_ALOIS

Date: 05/26/16 Time: 21:57
Sample: 900 1020
Included observations: 121

 Partial Correlation AC  PAC Q-Stat Prob

0.853 0.853 90.136 0.000
0.534 -0.705 125.81 0.000
0.162 -0.096 129.11 0.000
-0.141 0.132 131.66 0.000
143.61 0.000

-0.324 -0.028 157.18 0.000

-0.223 0.090 163.67 0.000

-0.077 -0.088 164.45 0.000

0.044 -0.076 164.70 0.000
10 0.098 -0.007 166.00 0.000
11 0.097 0.115 167.29 0.000
12 0.045 -0.156 167.56 0.000
13 -0.043 -0.121 167.81 0.000
14 -0.127 0.058 170.07 0.000
15 -0.193 -0.104 175.31 0.000
16 -0.203 0.099 181.18 0.000
17 -0.162 0.001 184.96 0.000
18 -0.088 -0.053 186.08 0.000
19 0.003 0.030 186.08 0.000
20 0.062 -0.147 186.64 0.000
21 0.078 0.055 187.53 0.000
22 0.059 0.087 188.05 0.000
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ARMA models XIV

Yule-Walker equations

If the stationary condition is satisfied, second order moments can be obtained directly from
multiplying (70) with Y;_,, and taking expectations. This yields the Yule-Walker equations for
the covariances v(0),...,v(p):

h=0:  ~(0) = ¢1v(1) + $27(2) + ... + ¢p7(p),
h=1:  ~(1) =¢17(0) + 2v(1) + ...+ dpy(p — 1),

h=p: @) =1y —1)+d27v(p—2) + ...+ $,7(0).

This linear system of p + 1 equations can be solved explicitly for v(0),...,v(p). From these
values, autocovariances y(h) for b > p are given by:

y(h) = gr1y(h = 1) + gy (h — 2) + ... + dpy(h — p).

L
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ARMA models XV

Representation of MA(q) as AR(c0)

If an MA(q) process has a unique AR(c0) representation, it is called invertible.
Invertibility depends on the roots &1, ..., @, of the characteristic polynomial §(B) of an
MA(q) process, since

q
0(B)=1+6B+...+0,B'=[](1-w,;B),
j=1

where w; = 1/&; are the inverted roots.

Invertibility holds, if the inverted roots w; of 8(B) lie within the unit circle, i.e.,

|wj| < 1, or equivalently, if the roots «; of §(B) lie outside the unit circle: |J;| > 1.
Invertible MA(q) processes are uniquely determined by their ACF.

L
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ARMA-Processes |

The ARMA(p,q)-process

¢(B)Y: = 0(B)e,

® s stationary, if the AR part, i.e., ¢(B)Y; = &, is stationary;
= is invertible, if the MA part, i.e,, Y; = 6(B)e,, is invertible.

Advantage of the ARMA(p,q): parsimony - low order ARMA models can substitute
high-order AR or MA models.
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ARMA-Processes 11

Representations of invertible, stationary ARMA-Processes

m Pure MA(o0) process, also known as Wold representation:

Y, = ¥(Bler=)» e, $(B)=¢(B)0(B), (78)
j=0
= V() = i V7 =0 (79)
j=0

= Pure AR(c0) process: ¢, = 0(B)~'¢(B)Y;.
A value of the (non-observable) shock &; can be found from past (observable) values
of Y; . For a noninvertible process, we have to know also all future values of Y.

L
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ARMA-Processes 111

Example
ARMA(1,1)-Processes has 2 unknown parameters ¢ and 6:

Y, = @Y1 +0e-1+e = (1—¢B)Y,=(1+0B)g
MA-representation has infinitely many parameters that converge to 0:
¢~ (B)I(B) = (1 - ¢B) (1 +6B) =
=(1+¢B+¢*B>+...)(1+0B)
=14 (0+0)B+¢p(d+0)B>+¢*(p+0)B> + ...

Lo
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ARMA-Processes IV

ARMA(1,1)-Processes has 2 unknown parameters ¢ and 6:
Y; =¢Y;1+0s 1+ = (1—¢B)Y; =(1+6B)g
AR-representation has infinitely many parameters that converge to 0:

071 (B)$(B) = (1+60B)"'(1 - ¢B)
=(1-6B+6*B*—...)(1—¢B)
=1—(¢p+0)B+0(¢p+0)B>—0*(p+0)B>+...

L
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ARMA-Processes V

E.g. for the ARMA(1,1)-Process:
Y; =05Y;1 +¢e — 021 = (1-0.5B)Y; =(1—-0.2B)e;

MA-representation:

(1-0.5B)7'(1-0.2B) = (1+0.5B+0.5°B? +...)(1 - 0.2B)
=1+03B+0.3-05B%+0.3-0.5°B> +...

AR-representation:

(1-02B)'(1-0.5B) = (14+0.2B+0.2’B? +...)(1 - 0.5B)
=1-03B-0.3-02B>-0.3-0.2°B> +...

o . PN
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ARMA-Processes VI

Autocovariance and -correlation function of ARMA-Processes

Use the Wold representation Y; = Z;io 1jei—; to determine the autocovariance and
the autocorrelation function:

o0 o0
Cov(Yr, Yign) = B(Ye - Yin) = > Y ttnBlerjerini) =
7=0 k=0
oo
Zwﬂth &) = 02> bithiin
j=0 7=0

Hence, Cov(Yy, Yiin) = v(h) for all t and p(h) = ~y(h)/o?.

Loo
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ARMA-Processes VII

Example
ARMA(1,1)-Processes has following Wold representation:

Yi=> tjej, to=1, = (p+0)¢ " j>1
§=0
Therefore

v(h) = o? Zwﬂpﬁh—a (1+ (¢ +06) Zw Lyith=t)

Jj=0 j=1

0o h
=2 [ 1+ (0 +0)2- 6" (@Y =a§(1+(¢+9)2-1f¢2>
j=1

L
Slide 324 “rquis [N aacss <P AMBA



ARMA-Processes VIII

Adding a mean
The assumption of a zero mean is too restrictive in most cases. To model a stationary
time series Y; with mean p # 0, assume that Y; — u follows an ARMA-process:

H(B)(Yi — 1) = 0(B)er. (80)
Such a process evidently has mean equal to u:

E(Y; — 1) = E(Yi) — = 0 = E(Y}) = .
Model (80) can be extended to nonstationary time series with mean functions y; (see

regression models with ARMA errors).

L
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Estimating ARMA models I

An ARMA(p,q) model for an observed time series y1, ..., yr,

yt—p= d1(Yi—1—p) +G2(yr—2 — p) + -+ Gp(yr—p — 1) +

+0161—1 + Oacs_2 + - + Ogc4—g + <4, (81)
could be viewed as a multiple regression model with intercept 8y = (1 — ¢y —- - - — p) b,
where the AR coefficients ¢1, ..., ¢, correspond to the predictors y;—1,. ..,y (i.€.,
the past p values of the time series ;) and the MA coefficients 6y, . .., 6, correspond to
the predictors ;_1,...,e¢—4 (i.e., the past ¢ shocks).

Due to stationarity, (77) holds and 1 can be recovered from /3y through

= Bo/(L—¢1— - — bp).

L
Slide 326 “rquis [N aacss <P AMBA



Estimating ARMA models I1

OLS estimation for stationary AR models

If no MA terms are present, then OLS estimation could be applied to (81). Only

n =T — p observations, i.e., Yp+1,...,yr, are used as left-hand variables for
estimation, because the predictor x; = (yi—1,...,¥:—p) is observed only for t > p + 1.

OLS estimation is biased, because assumption AX is violated: ¢; is uncorrelated with
all past regressors x;_p, h > 0, but correlated with future regressors x;,p, e.g., for
AR(1) with x441 = s

E(e - x¢11) = B(er - y) = E(ee(dyi—1 + &1)) = o2

e
= . PN
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Estimating ARMA models III

Under the weaker assumption AX: E(g; - x;) = 0, i.e., &; is uncorrelated with the
contemporary regressor x, the OLS estimator is asymptotically, i.e., for large T,
unbiased and consistent.

Asymptotically, the sampling distribution of the OLS estimator is Gaussian. The
standard errors of the asymptotic normal distribution depend on the AR parameters,
e.g.,

AR(1):  /n(¢ — ¢) =4 Normal (0, (1 — ¢)?)

AR(2): \/ﬁ(q;z — ¢i) =4 Normal (O, (1- ¢l)2) for i=1,2

L
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Estimating ARMA models IV

Fitting an MA(q) process
In the MA(q) model

Yt = et-1(B)01 + - -+ + €1—¢(B)0g + €1,

past errors serve as predictors for y;, however, they depend on the parameters
,3 = (91792, .o ,Hq):

€t(B) =y — O164-1(B) — -+ — O45t—4(B).

As a consequence, the estimation problem is nonlinear and numerical optimization has
to be applied.

Lo
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Estimating ARMA models V

Non-linear least square estimation for ARMA models
For each t > p + 1, predict 4,(3) from past observations and shocks:

0:(B) = Bo+ P11+ + Gpyt—p + O160-1(B) + - + bye1—g(B),

and compute the corresponding prediction error £,(3):

£t(B) = ys — 9t(aB).

In matrix notation, € satisfies AH:

y =X(B)B +e.

X(B) has 1+ p + ¢ columns, where the last ¢ columns depend on 3.

L
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Estimating ARMA models VI

As for OLS, the aggregated prediction error is determined as the sum of squared
residuals SSR:

SSR(B) = €'e = (y — X(B8)B)'(y — X(B)83).

The non-linear least square (NLS) estimator Bof B= (D1, s Pp,b1,...,0q, 1) is
based on minimizing SSR(3). However, the estimation problem is nonlinear, because

X(B) depends on 3.

Taking the first derivatives of SSR(3) does not lead to a linear system of equations to
determine 3 as for OLS. The estimation problem is solved using numerical optimization.

L
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Statistical properties of the NLS estima- “U
tors

Because X(3) depends on 3, the information matrix 92SSR(3)/03? changes with 3.

If € satisfies AH and AX, then the NLS estimator is asymptotically unbiased and
consistent, asymptotically efficient, and the sampling distribution is asymptotically
normal.

To derive the covariance matrix of the sampling distribution of the NLS estimator 3,
various methods are common, e.g., evaluating the Hessian matrix at 3.

L
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Partial autocorrelation function I

Additional information about the dependence structure is given by the correlation of Y;
and Y;_p after controlling for the effect of the intermediate values
}/:‘,—17 L) 7}/;,7h+1-

For the AR(1) process Y; = ¢Y;_1 + ¢, e.g., Y; and Y;_o are correlated, since
p(2) = ¢* > 0. The correlation between Y; and Y; 5 is not 0, because Y; depends on
Y;_o through Y;_;.

However, conditional on knowing the previous observation Y;_1, the actual
observation Y; is independent of Y;_o for an AR(1)-Model: the coefficient ¢ of Y;_5 in
the (overfitting) AR(2)-model is equal to 0:

Yi=¢01Yio1 + $2Yi o+ e

A
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Partial autocorrelation function I1

The partial autocorrelation 7(h) at lag h is equal to the regression coefficient ¢y, of
Y;_p, in the regression of Y; on Y;_1,...,Y; p:

Yi=¢nYi1+ -+ épnYion + &

The partial autocorrelations 7(h) as a function of the lag h are called partial
autocorrelation function, PACF.

The PACF of an AR(p) process is zero for lags h > p, i.e., it " cuts off’ at lag p, since
w(h) = ¢nn = 0 for an overfitting AR(h) model.

The PACF of an MA(1) process decays exponentially, see AR(0o) representation in (73).

L
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Model Selection

How to choose the order p and ¢ of the AR and the MA term?
Box/Jenkins: analyze the empirical AC and PAC function

Process ACF PACF
MA(q) cuts off at lag ¢ decays exponentially
AR(p)  decays exponentially  cuts off at lag p

Can be difficult in practice, if both AR and MA terms are present.

L
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WIRTSCHAFTS

Order Selection from the empirical ACF =

AND BUSINESS

left: AR(1), because of PACF(h)=0, right: MA(1),

Slide 336

Conelogram of SAVE

Date: 05127116 Time: 16:16
‘Sample: 1955Q1 196204
Included observatons: 100

Autocorelation  Partl Correlaion A

PAC QStat

0151
0072

0765
0163
0143

0088

0010
0015
0002
0163
0002
0041
0052
0198

60.350
10476
12953
1211
14828
15110
15234
15434
15624
15029
16191
16252

0000
0000

because ACF(h)=0 for h > 1.

Conelogram of DIAMEX)

Date: 05/27/16 Time: 16:15
Sample: 1209
Included observatons: 208

Autocorelation  Partl Corelation ~~ AC PAC QStat Prob

0323 0323 21988 0.000
0094 0011 23879 0.000
0007 -0.038 23889 0.000
0072 0087 25012 0.000
0011 -0.043 2503 0.000
0025 -0.029 25170 0.000
0043 -0.018 25567 0.001
0019 -0.005 25650 0.001
0016 -0.008 25705 0002
10-0030 0023 25900 0004
11 0016 0043 25960 0007
12 0129 0128 29662 0003

L
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Model Selection by Overfitting

Various null hypothesis for an ARMA(p,q)-model:

Hy:¢p=0 ARMA( p-1,q)-model
Hyp:0,=0 ARMA(p, g-1)-model
Hy:¢,=0,0,=0 ARMA( p-1, g-1)-model

A single parameter is tested using the t-statistic; r coefficients are tested
simultaneously using the Wald statistic W or the F-statistic F' = W/r.

Asymptotically under AX: t —4 N(0,1), W —4 x2, F —4 F(r,df), with
df=n—(p+q+1)=T-2p—q— 1.
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Residual Diagnostics

Fit ARMA(p,q) model to time series data from an ARMA(pg, go) model with ¢, # 0
and 6,4, # 0 and consider the innovations

=Y, — 1Y 1 — - — Y p— 0161 — - — Oger—g — BO~

m If p > py and ¢ > qo, then ¢, is a zero-mean white noise process with constant
variance V(g;) = 02, i.e., p(h) = 0,h > 0, even if p > pg or ¢ > qo.

m If either p < pg or ¢ < qo (or both), then due to the omitted variable bias, ¢; is not a
white noise process, but correlated.

Check the empirical ACF of estimated residual &; = ¢4(83).

L
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Model Selection Criteria

AIC and SC can be used to select the model order. For time series models, also the

Hannan-Quinn (HQ) criterion is useful which has a stronger penalty than AIC, but
less strong than SC:

AIC =10g(SSR) + 2 - k,
HQ = log(SSR) + 2log(log(n)) - k,
SC =1log(SSR) + logn - k,

where n = T — p is the number of observations and & = p + ¢ + 1 is the number of

parameters (if a constant mean y is present). Choose the model order that minimizes a
particular criterion.

L
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Regression models with autocorrelated “U
errors

If AH is violated, because of correlated errors u;, then u; can be modelled by a
stationary ARMA model with zero-mean white noise innovations &;:

Y = X3 + uy, d(B)uy = 0(B)ey,
& ¢(B)(yr — x8) = 0(B)ey. (82)

® Covariance matrix € of € is derived from the ARMA structure.

L
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Forecasting with ARMA models I

® Make statement about the process Y; at a future date ¢ + k based on the information
available at time ¢, i.e., I; = {Y},Yi—1,...,&t,60-1,... }. k is called the forecasting
horizon.

® Point forecasts are based on the conditional expectation )A/Hk‘t = E(Yiyr | It) using

the model specification. Their uncertainty is measured through V(}A’Hk‘t).

® Multi-step (or dynamic) forecasts derive )A/Hm, }Ang‘t, ... for a fixed t. Static
forecasts are sequential one step-ahead forecasts Yf?llv e ,Yt|t_1, . ,YT|T_1.

L
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Forecasting with ARMA models II

Dynamic AR(1) model forecasts
Dynamic forecasting of a stationary, non-zero mean AR(1) process

Yk = p(1 — @) + ¢Yiyn1 + gk

exploits E(eyqr | It) = 0:

1-step
2 steps

k steps

Slide 342

Vi = w(l—¢)+ oY

Yiporp = (1 — @) + dYii

= (1= 9)(1+9¢)+ %Y

Yirp = (1= o)1+ o+ ...+ 6" 1) + ¢FY
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Forecasting with ARMA models III

The forecast is a weighted average of the last observation Y; and the long-run level u:

. 1 — o

Vovss = L = )75 + 6% = u(1 = 64) + 6V,

Jim Yo = p. (83)
— 00

= With increasing forecasting horizon k, the weight ¢* converges to 0

= The closer |¢] is to one, the more persistent is the last value of Y;.

Slide 343 Tancse <G AMBA




Forecasting with ARMA models IV

MA model forecasts
Dynamic forecasting of an MA(q) process

Yivk=p+016p-1+ - +05800k—q + Etak

1-step }:ftﬂ‘t =p+ 018+ + 04111

2-steps  Yj o) = p+ hE(etq1 | It) + Oser + - + Ogeti2—g =
pAOoep + - - 4 Ogeri0—q.

k-steps Yt+k|t =u, fork>q.

The forecast )A/Hk“ is equal to p for k > ¢. For an estimated MA model, ¢;_; is

substituted by the estimated shocks &;_; for j > 0.
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Forecasting with ARMA models V “U

ARMA model forecasts
Dynamic forecasts from an AR(p) or ARMA(p,q) model show a more complicated
pattern.

Once the contribution from the MA part has vanished, the forecasts are driven by the
AR part.

The Wold representation of Y; — u, given by (78), implies convergence to the long run
level u, i.e., mean reversion for a stationary, invertible ARMA process:

lim Yt+k\t = K.
k—o00

Hence, ARMA-process are useful mainly for short-term forecasting.

L
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Forecasting with ARMA models VI

Properties of ARMA Forecasts
The point forecast Y;, ), is unbiased under the correct model specification:

E(Yir — Yy | It) = 0.

Variance of the one-step-ahead forecast: all predictors are deterministic given I, hence
(ignoring parameter uncertainty):

V(Yes1 | Ir) = o2

The variance of the multi-step-ahead forecast results from the Wold representation (78):

k-1
V(Yigr | It) = 0321/)]2*
=0

L
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Forecasting with ARMA models VII

Note that the variance increases with every forecasting step and converges to the
unconditional variance o2:

o0
: _ 2 2 _ _ 2
Jim V(Y | 1) —o&:;owj =V (Y =d%

E.g. AR(1)-process, where 1); = ¢7:

V(Yern | 1) = 02(1+ ¢%),

_(2)k
V(Yir | I) = 02(1 + ¢* 4 - - 4 ¢2+1) = a?% — 02(1 — ¢,
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Forecasting with ARMA models VIII

Interval Forecasts
An interval forecast is a predictive interval with covers the future value with probability
1 —a. Based on the assumption of normality of Y1 — Yj, 1), a predictive intervals can

be derived from the expectation Yt+k|t and the variance V(Y11 | It):

Voerly = 1.96 X /V(Vork [ 1), Vegre +1.96 % v/V(¥irr | 1)]

All unknown AR and MA parameters, as well as the variance o2 are substituted by

estimates. This predictive interval does not account for parameter uncertainty.

A
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ARIMA models

Time series Y; follows an ARIMA(p, d, q) model, for some natural number d, if the time series
(I — B)?Y; follows an ARMA(p, q) model.

Note that (/ — B) applied to a time series affects differencing the time series once.
Hence, (I — B)? applied to a time series affects differencing the time series d times.

Differencing a time series d times removes polynomial time trends of order up to d (use
induction).

Estimation strategy: difference, and then use methodology for ARMA models. Aggregate again
for prediction.

For example, a random walk is an ARIMA(0,1,0) process.



If a time series is not weakly stationary, but becomes stationary after differencing it d times, we
call it integrated of order d.

A time series that is integrated of order 1 is said to have a unit root.

Unit root tests (e.g., adf.test in R) can be applied to test for the presence of a unit root.



ARCH Model (Autoregressive Conditional Heteroskedasticity)

» Developed by Robert Engle in the 80s to model time-varying volatility in financial returns.

v

Model for the variance of the error term:
Xt = Ot€y, €t iid and N(O7 1)
U% =oap+ alxt{l + -+ oqut{q
» Normality assumption not needed.

» Captures volatility clustering: large changes tend to follow large changes.
» Requires ag > 0, aj > 0 for stability.

Easy to verify: E(x: | X¢—1,%t_2,...) =0 and E(x? | xt_1,X¢_2,...) = 02, hence "ARCH".



GARCH Model (Generalized ARCH)

» Proposed by Tim Bollerslev in the 80s as a generalization of ARCH.
» Adds lagged conditional variance terms:

q P
2 _ 2 2
o =g+ E aixi_; + g Bioi_;
i=1 j=1

» GARCH(1,1) is most common:
0? =aqap + Oz1Xt2,1 + 610371

» Captures both short-term shocks and long-term persistence in volatility.

Again: E(x; | xt—1,Xt—2,...) =0 and E(x? | x¢_1,Xt_2,...) = 02.



In R via: fGarch package, garchFit function delivers

GGGGG (1,1): AAPL Returns and Conditional Volatility

5 ™ | 5
i 1\'0”1‘%%"1 h*MMM‘h mn-wm'wru"w“‘nmfﬂm,wmm y



Models can be combined:
1. First fit a suitable ARIMA model.
2. Then, fit a GARCH model to the ARIMA residuals.

Results in ARIMA-GARCH models, which model conditional expectations and conditional
volatilities.

Conditional expectation is forecast through the ARIMA part.
Conditional volatility is taken care for using the GARCH part.
Results in forecast intervals that incorporate both types of information.

More info: Financial Time Series Analysis, elective, Fall.



