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Optimal Stopping problems

Previously we onlyy considued. European options, thak is an oplion wilh payoft onlj al tuminal fime N.

Now we consider oplions that can be execcised. ot any time before (or at) malurily. Pricing these options can be. ticky
as fhe seller doesn'+ know when the buuer execcises the oplion. The idea. is now to price the oplion assuming the buyer
exercises ogimally, Findling thest oplimal slopping fimes and. @ fair frice for the American oplion is formulaled as

oplimal stopping prollems.

The problem’ Considler some filtesed. probability space (L, §, P), F<(F)peo,..n Gnd a non-neqative, adoghed process H= (Halpeo,...n
(the payoff process) and let
T={z: > {o..N}, T isa Fslopagtme ]
The associated oplimal stapping problem is to find <*e T with
E(Hgx) = sup{ E(He) c e} = U
Commenls

1) Hn(w) qjves the payoff ,sloppeol' at t=n (c.q. discounted payoff of an American, oplion, of investmenl
opportunily

2) W called value of tne sopping problem.

Examples *
1) Ameican put oplion. He = Ba (K- Sa)*
2) European put opbion, madurily T=n. H = By’ (K-8) gy

3) Thecase where His a maringale. By +he optimal sampling theorem, E(Hz) =Ho lor any zeT,
sothal any ceT is oplimal and U*=Ho

Example’ mmlinqalc bcﬂing staleqy
Player places a hel on a simple qame (e.0, 1oss coin). 1 he wins he qels 100 € olher wise he losesil.
It he loses, ht doubles the loel, £ e wing he slops cnd makes o piokil equal fo e origjnal stake.

The payoft is qma(h‘ngale, thuefore this slopping time Is nol supetior and it is imposshle fo win
on av uuge (qivm finive. lifedime of e plascr)



The Snell envelope
is on imporianl 4ool in the analysis of oplimal slepping problems
Detinition’ The Snell envelope (Un)y-q,... of Fhe payoff process His defined. recursively by Uy = Ha and

Wy = max{ﬂz,E[Unu\Em]} loc 0= N-1,N-2,...,0

expecled value
pa\joH- NOW. next dime period

Proposidion: Snell envelope for 4h¢,paz&ou process H is the smallest supermadingale_ U such thal G,l 7l Waefo. N}

Chasacterization of slopping time
Theotem Consider an oplimal slopping roblem wkh payol? process H and ossociated. Snell envelope U. Thea e
!ollowing holds
@ A slopping time T e T is oplimal it and only if +he following two condilions hold.
“')) "lr-l:;s(i:ppcd plocess (k. Uy = Uzan is @ marlingale
@ M oplimal slopping fime is qiven by T° *Zmin'® in} {n=0,...,N t Un=Had
® The Snell envelope gjves the. value. of 4he problem © U* = U
Proot Idea.”  Since Vis a supermarlingale with K. €U we have
E0n] < ELU:1-EN) < U, o
|1 T saliglies i) and ii) fn wehave e,qwa\ilj ond. T is oplimal.
Itis easy do see thal Tyin salisties D 1) obvious, ii) dot 1< coin Hy < Up = Mok {Ho, ELU [F)Y = E[Unvi 5]

maciingale
I+ Jollows that T=Tmia and U =Us(becowse we have equalily in (20) fof Tanin).



Exercise’ Consider a - peiod model thal evolves (r=0)

= 440
9t
Xo = 400 < = A00
X
* 60
Riskneual probabilities :
A0 -100 r
120 = 440+ (4-q)400 &> g = wwo-4o0 * i AT, (wd), (dd), luu)]
30 * q4o0 * (4-q) 60 &> q° fo-fo - 4 &(Uu.um <4z "44
{00 = q120 + (1-q)g0 q - - -4 Q(fwl) =4 Ywe
Eutopean Call Spread*  H:-((X,- 95)" - (X.=420)") 4 g,.2
3 C s« %545
4 (4/11; 1us+j—o 25
Co/ds— \C ;1,,“:;15 .K?S
4 2 X 7 * < 8.
2.5 \{
ol.
Reglicating skateqy:
©10 * 0,4 MO = aAS Bu0 * O1,.4° 400 = & Q.0 0,., 120 * 16
62,0 + 61“4 I ‘400 T S‘ 9;,9 + 61.4 ‘60 =0 91,0 + 64,," QO 3 26—
. as-s s 1 12.5 5
61,4= A40 - 4100 T Z/ 61,4 = % 7 8 84|4 = Yo ='-1—9
o< § - 4400= ~48 6lo - 1.8 0407 L5~ 1307 -22.8
Ameican Call Spread: - (X, - 95)" - (X, -420)"
BrArSrE AT
c@<” W getegndnas
Co L‘ 3- / s- Hy=U
35 mf?r % —~—3 ik 575 Y455 < A8
r.5 Co 1 wellww, wd)}
u'* O HosVe — =
min L we ldw), dd)]

Theotem’ The {aic price o an American claim, wih, poyatt process (Cidy.q, . n inan orbiltage-free and.
and. complett secudly martek H with marlingale measue Q is qiven by Voa = Soo Ug

g ) (&
whie (U, ), 6, is $he Sacll envelope of dne discounted payolt process  (C,) =(§;) veo, N -



Brownian molion

Definilion’  sloct process X=(X,),, on (11, §, P) is a slomdaed BM it
(i) Xo=0 aus.

(i) X has ind. incremenls® Xyou = X, ind. of X5 Vst

(iii) X has s\alionarg it Kpsu =Xy ~ N(O,u)

(iv) conlinuous sample paths

Properties’
(@ Wy~ K(0,4)  (Wy=W,-W, »N(0,t-0))
(ii) Cov (Wi, Wg) = min(s,t)
Pool: Lel s &4 Cou (W, Ws)= ELW,We) -ELWIELW, | - ELW,We T = EL(W, W5 +Ws) Ws)
« EL(Wy-Ws)Ws *+ W'l = EL(W-Ws)Ws ]« LW
( ) &) S s.] [*l—fas;’,,)‘,',%] %‘[&;’:s (e @s))

=E[ W;‘Wa} EE\")S; *s 78§

T o

bty by
ta ’r n 4
(iii) Finile dim. olis\r. * 4,244, .. <4, , ("‘/44: Wi oo ) A J‘((O Z) with 2_° 2
h *1. “t *'n,
(V) W=(W);,0 is a mardingdle
(V) W=(W'-4)y,, is a marfingal
° d * o 171
First Vasiation 42
Paclition of inuval [0, T] ¢ T={04cde=. ety =T}
T lzl=sup |4i-4i -
e mesh is 4‘uen i- 1| J[x(ﬂ)—xm)l
1 O 4 b 4y N T ts
Fiest variation’ lunclion X:lo, T1 = R. 1T (mesh)
Vo (6) = sup £ 2 [xtdXt)[§ Fiile vadabion: vac(x) <o
tie

Example 4° X(t) <t* on [0,1]
Vae (X) = X (1)~ X(0) = 4



Exescise’ BM is o marlingale * EllB, 3« B, adapld y
- (“) MMS(:IIM IR
EL® 18] E[ B, -bs+Rs 15, E[6,-0g [ Fs 1 +ELBsIEs] = ELBy- 5. + B = Bs

=0 iy
L}“O, U"l(." \))

IE[CO‘WL :_64 lfsl E[ o (Wa-e) ”ws o't lS } oNs - zo ‘L E[QQG -035] . eo;,\,‘ Aoy e{o«‘(#—s)



We can see thad +-Z'z: [ XU =XWa) [ is indep. of .

Proposiiion’ For a right-cond, increasing lunclion X:[0,T]=R, we have Var(x)= X(T)-X(0)

Froof * Fix parilion. T

ince. X
Z X)X i)l t%;z)((h)')(({;.a) '(%)—Xuo))*(%) SO+ L+ (Kh) X)) = X () = X Ho)

Example 2:°  XW) =4* on [-1,4]
Choose parlition T°
/|

I 1% )l - 10 X0 |+ 2 K6 -K)| N e g

1idi-a 20 -4 ' by 1o 4

+{% 1K i) -XCs. Jl
= KUY =X (D) + (X(-4)-XD) + [ XE)-X D]
((X(+)+xu> ~(x(- xF)),
%0 (-0 far +<170) [KG)-K (1] < (XA +1XEN = K(T) <k (X)

Remark : Evuy conl. dif}. dunclion has {inile vasialinm.  (Frool is Qxercfse)

Quadralic variation

Fix sequence [2al =0 ob pardidions of [0,T)
V:(X¢ -Ca) : :('e_Z'C' (K(“l) "X({;«))z

tigl
Oeine [X1, *= lim, V:(X,' za). bt exists for Y | we say X admils quad. vasiation.

CXQMPIQ 1 - ta fiust varielion = 4

X&1=14% onlo.1) | XU AU ) |

t }
o 14 '('L-Lb'\

=) EXL- =

Theorem: |} X is conlin. and fin. vadalion => [X], =0

Pock® Fix Tn . V:(X,'Cn) ;: (X () - X4 )‘SU (X () - X 14 )) GM(XHi\‘XHi-.)) igug (X(*i)-XU;-..)) Vac(X)

l'et.n.
Jed Jp
1184 ltn>0
—> 0 (Xisoont)



CowlIau:S’ X is conl. and t+[x], S)c(iclltj increasing =2 Xis of inlin variation on evey subintval [o7]

Example Firsl and quad. o jump processes. Consider sample path of Poisson process *

Ky
\ Ny <0 Compule Vau (M) on [0,6] * Vor(0) =3
1 N, =4
2 o_} DStz
n |k ve-3 In %mual‘ Vac(N) = Ny on L0,1]
:3‘ , 3 and LN} = Ny o3 jumps =4
o 7 2 3 y 5 6 t

Quad. variakion {or semimorlingales

Y, = !ii + c'i‘., semimadingale decomposition

maclingale “local Hrend”
4
A can be witlwr as :,f Qs ds, this is a {inih variation process.
Theorem: X conl. with quao(r. vasiation LX], omd A conl. and finite varialion. Define Y = X+ A, Then

LY], =[x« A}, - [X],

Lin. var.

Quadsadic Vacialion of BH

Theotem: Sequ. Tn 04 [0, T3 with (Tul #0. Thea we have

EL(V;(B:zd-1) "1 = 0

random (&M)
. YA . z ‘E'l
Commenls * ) - Convergence. V, (b.;Tn) >4

(i) = Converqence . probahilily POV (. en)-412 5) -2 0

(iij) =? Jsubsequ. o} T with Vf((?)‘(w),‘cn) -t Q.s.
theefore [ AW, = 4 for (almad all we 0 (pathuise)

(iv) Sample paths of BM are infinde (Theotem )

Root’  E[ (Z U8y -By) - (-l )) 1= ELS (B -8 ber)) (U8, -84.) 05 40)) ]

J' 4 eT

For i+ increm. exe mdep and E[Eu‘ Valm (-6 0

Va.r(x) 20", Keuito,0") (Thl

(Cnl-0
ELZ (18 80 ib) ] = 2 2 (ke € 2 2 Gichia) g e = 24Tl = 0

HeT



Chapler: Ho Calculus
Introduchion:
Disceele ime model with trading dofes {4422 2y, and 8 some Hading s\aegy

Gaing from drode * Gfl 7 é@h ($i-8,.)
: ?

N
Slock ab b Sieck @b k-
In conlinuous ime we define for @ drading s\calgy (),

L i . % _ L =
Gains {rom tiade ‘:)"-\9'& G‘M ‘m,& %6‘% (Si-S.) .,{) 0, dSi

Ha=-Anal 20 -\l 20
Problem: Exisdence 2
14 S has infinile vagiadion (e.q. Sy=hy, sgp;I(b‘,-lsml =) dhen oo limil does nol wist Yor all comlituous © .
Hmébe, he limit exis\s dor o smaller set of © (nol Necessarily all conlinuous 6 ut a subset) 2
=7 use ma(linga(e 4heoraj Yo prool wishnce with so calld  Ho fomula.  ~7  we aeed i\ for Hhe Black-Schoks

model (asibis built with BR ).

Molivation' Ho formula.
[ u
" Stochaslic counterpacd of he chain rule ’

®D Chain wie: C* tunctions - RAR and XK R wih deivalives {'(x) and X')

4
1(xWw) : L(x(0)) +\£ V(X)) X'(s) ds ( "Ofc{inaw\ c::lculus“)
fund. 4h. o} Chain tule

calculus
+

= § 1@ dis

Qg

@ Now, X is not C* Yul conlinuous and. Linile vasiation

LX) = 40xg) * lim 2 ') (X -,

NI petn
L J

==J£’(Xs) dXs (txisls as K has QV>

9

® Now X is conlinuous and infinle vaiiodion bul quads. vadalion

4
k) = fiXs) + g!,()(s) dXs * correchion term (foc e C?)

Theotem ( Ha“(ofmula.)’ Consider cont. X:Lo, TI7R with conlin. quad. vasiakion [X], and a C?-tunclion F:R-R.

Thea we have fof 1¢ T+

FOG) = FOO + JF/ (k) ks + 2 Flke) dLX
< ——r ® is called. 1B~ lnlc%tak.
i P k) ®

N3 hiela
s



Commenls:
4
4. For X linite vadiation (= [x),70) ¥ dormula is just ?LX4)=z(xo)+§g'(xs) dXs
1
2. The sums de!im’ng \Bf F'ls) dXs are non~anliczpa&in3 ([ F'(4iea) used)

3. Snod-houd rolation:  dF(K) = F'(x,) dX, + 2", ) dX),

Examples: Ho formula

1. Compule B+ F(®)=B  (hee X, -8,)

FOX,)= F(B) = B " <> lodomula

Fi)=x", F'(x)=2x, F"(x)72

F(B,)* F(&o)\‘;}F'(Bs) dbs + iff"(em 4[bl,
: s::oiz Bs st*i&\i‘i‘is) S

" 2 bs dbs + 4

) 4
> Jbs dbs = 2R -4) - -2

Cotrection Aam

Compose with 'ovdinac\j' calculus®  Compule ;Y 1) dite) foc C'-Yunclion D

s ¢ W e 27 “‘“L
§HQ ) 1000 ds = [0 ] - | dus 5

L. Compule M), PR S, P
¥ A
FOX) = €% - ex°+~£exs dxs*i\of " d[X]s
' :
b X = A+ S ™ dbs i f & ds

Pictures: 1) \of By ds

4
2') \.i %5 d&s = %Uﬁ‘):"‘)



Quad.ralic Vasialion of the \io-lnhcya(

Lemmai Considu @ conl. funclion X(4) with conl. quad. vasiation [X1, and Fe C'UR). Then 42 Fix,) has quad.

atiokion CFU0Y, = JF (DA,

4

Theorem: for §e C'(R) the lto-intqal L’{ L(Xs) dXs is well defined ; i\s quad. variakion equuals
14
[:I']) :\Of ‘Qz(xﬁ) A[KS-S
Proof: Apply lmma. 4o F= §f0ddx, |4 hdds F'=§ and = p

1) Well- debined: {eC" = FeC® = lo fomula pools exislence

4

4
2) F) = Flod +§ 'O s + 2 S Flxs) dIX], < FO) < T, + A,
L‘___J Q_BL,———\) \m%ml {inde vasiation (FV)
=Ty = A
= LFWY s [Fxo) + T+ A = (1Y,
+ (i caanV FV
J FlKe) DS
\

Examples®

4) Compule quad.var. (X1, Sor X, * B,
2 |to-formula

By = B vJuhsdet ifadisg

o + +
[xd, =L81, = [ abs degd, = JUee dlols = 4o ds

l,) Compule quad. vor. (X1, Sor X, * pr(fb;‘)

bs Bs

¢t ds

o,

+
exp(By) = exp(Bo) ¢ S e dis + £

4 16
Lexp(B)), = fe™ ds



Proof of +he Ho- Formula

As a firsl slep we establisch the fdllowing
Lemma For eveay piccewie conslant funclion g ‘Lo, TT =R we have

lim 2 g (%, -X.)" = § qe) dlly @

nNIo fietn
e

Poof Recall V' (KiTa) = lim Z (X —X,.):

For Q(&l”ﬁ(a',ﬂ(\) ®  tonglakes fo fim 2 41w,1t4;)(xh-xh,‘)‘ = [im 2 (X;‘—)(k,,)iL :

n>© heTn N30 lietn .
%l ackith P isls as X

<im0 W)+ DXl m K]y e e

n R

fFor a o\\mua\ Piecewise conl. funclion g we approximale g oy shep Qunclions.,

Now the theorem itseld.
Consider ki, 4ia € Tn sudthal ti<t and (BX)ia = (X, -X,,). We qel from Toylor expansion
FOG) - FXy) = P (X) (B %) + 2 F () (AXen )’ el k)
“F (%) (B K1) + 2 PO )(X0)" * Rim Ron® 2 0P 06)-F U, )) (R,
Define So= mo L 1%, -Xou |, +e Lindd, i €T L% 0 as X conl and ltal 20
Horeover,

Rinl <6 max 1F - Fl) (8%,)
Ix=yl<§y Y
=:1€f\'

g2 0 (F"is coplinuous) ous §u =0

Hence,
l“ZL Rin | € Z IRial < o0 Z (bXia) = 0
ieln ieTn 1ETn
< o ([X], exisly)
Now,
F(K)=F (o) = lim 2_ F(K)=F(X, ) = fim 2 F'(X,,) (8X00) *lim 2 3 F"(X,)(AXa) # lim 2 Risa
n9Io 4“..:;» N30 4‘;;:7:;.; N30 4‘:;;:;». -4 N30 4:;%
(S R —~— e
4 +
=J FX) dXe = )P0 i = 0

3
We oo qin e H6-Jomula, and show $hal g F'(Kg) dXs exisls.



Hadintaale-propert% of the Ho-(nlegral

Process L (w ff (Xs () dXs(w) is a slodn. process (as BH)

Consider ]CCC and. madlingale M: 1, “J f(Hs) dMs; is T, also « mackingale .z(huzlegm.l ]
Problems with inteqrability can arise* Thecefore only o weaker cesult is Hrue,

Definition : A stoch process Miscalled. local maclingale if here are slopging times To < Ty < . such that

(i) "{gtﬂTn W = gs

(ii) (HT“ M )ho is a marlinﬁale for alln.

True maclingale => local marlinaqle

Lasl lecture’

“‘0'(0("1“[&: F\X;)’ F(Xo) +‘6[ F,(XS) Ol)(s * \Y F' (Xs)fﬂ:x
-— g_’o/___.._(‘-___)
=: Ml =: A;

X, is local maclingole * Semumadmﬂale decomposilion

¢.9. Xy =By
‘ FK)= My *+ Ay

Fv

S(’_w\imarlin.ga(( local process

mw(mqu

+
Quad. variadion [F(X)L - [M], = ;f(F'U(s))ZdD( s

Example’ Semimarlingale decompasition §or B, ¢
. o f i
ﬂ-)‘_ = &2/63 0(63 + '5 4 O(S E)H is Mzzrlmaalc_
e 2 5 ® 3
=: My =i A,

6], * § 4o, ds



CXample’ local madm%qle thalis nol a true maclingale

4
oo o dis  whee Bl0)s Y) ~ couih ELVIT = (e Cauduy diske.) ind of W

= Y- \of d\l‘)s . \/\(\/4,
Inteopabilily’ E[IVW, (] - ELNITEDW] = = .7

Consider ’ﬁ’in{'{tzﬂz,,l’/n} -2 © (locuhzmg sequencc)
ELMr, ] = ELIN W g gt ELI M, M ] S 00 Yn
Marlingale prop’  ELH,,q, [Fe] = Moy,

o (LY, wr, r<sd)

EL My A gE[ Ywm» Ak \[E[E’si",l&] * YWore = Msar, /

slopped marl«'nsnlc
is maclin sqlg

Adapled" Fs= olfy, We (<)

Theorem: Conlinuaus local marlinqale M with. conlniuous quad. vadalion, [M], and feC' Then
+
IJ‘(U): \of ‘r ( Mg [Q)) dMs(w)  is a ‘c)c_a\ marlin3ale

Poof*  Assume M bounded marlingale, { bounded (Generol case” localizewith Tn ) [Tl = O, and fix n.

Io = ,,%., f(H) (Hy-H) k<o is marlmgale wel {Sk'lfk Fo TS (diele)
itk

as ELLI-To, 180 ELO0ML) (- W TR T DK ELH, -k, JSE
FO( con!.} ‘l‘nN(' aﬂd S{[& S, E[I* 11A] = E[IGIﬂA] YAeES (.,-) E[L’Ss] ‘13) =0(as M marh‘naa(e_)

]

1
_—J

Proposition’ £ Mie alocal marlingake. Then the following is equivaleal -
(i) M is atue marlingale and E(H7) <, [+ 20

i) E[[M],] <=

1 ather G) of Gi) holds we hove E[M]-EL[M],]



Examples

1 +
4) 1, f Bs dBs is a local maclingale. (s {65 dbs a frue marlmgale;

marhmgalg

[T], - f&s ds FubnTomll J191dxdy o STl dyds eist

E[[11,]~ [E[f’ﬁs ds] JE[BS] ds = Js ds - <P

4
-'L) Is J‘ e™ dbs a drue marlimgale.?
e _—>

L= « (O 4s) t

ELCTY, 1 ELJe™ ds] S EIE™) ds=fé b= 187, 4 -) =

(Y] ‘03 N\ (Oy L{S)

il
_ A4
B)Nola’wa martinqale’ Ly 7 g\"bs| dbs, Elljﬂ;sl] =19

why, price Plocess wdh infinide vadiadion?
Abivag-fee S is mafingak
Theowm
/‘ SF =Y S is wnslanl as,

Proposilion,‘ Consider a. local madingale M with continuous trajectories of finite variation.
Then the padns of M are constant, ie. My <M. acs.
Pool 1§ [11,-0,4hen K" also loc. madingale’ M= Mo +f2Hs dis* § ~dM15 ; Assume for simpl. M, M e marling.
0< EL(Hi-Ho)] = E[H- At Ho + o) = EIM/I-AEIHAETHG]« ELHe] = 0
Mot =Moo Mo = Mo

2 EL[(MoHo) )0 7 N <ty o5

Z0o

Covasiokion
Fix T poulivion of [0,T], Tn2 O, and conlinuous quad.. variakion LX1,,LY],

Ocfinilion /m, Z (X X DV - Yo DL [X,YL Covarialion

0 eln,

Theotem:  L[X, Y1, wisls < [X+ Y], exisbs

Polasizotion Iolality X, N, - 7 (Dxey1,- Ix3, - Y1, )



Examples :
4) [X,A), =0 il A FV-piocess, X with [X], , conlinuous

We know' LX+Al,=IX1,, LAl =0

Fv process

» Dl -2 AL [x3 - LAL) -

[x1,
2) lndep. BH &' qnd " [ 8", 6% =0
= Lgal %2]4‘ - 1([64* E)zl,\ [, [ (52]4 -

X\L ‘= th{‘r_Eb’L s DM (Proot as an exercise)
2

[ x1-q0x], - 24 (0 hods La Xl o DXy, andt Lak,63, b Ll )

3) liq 66 X cont and conl [X3,
N, {Q(Xs) dXs , 2= Js(xs) AXs
4
Then: LY, &3, = § 2xe)glks) dLXYg

Theorem’  Given conl. Junclions X= ('), x%) " [0, T] = R with

Kt [Xk}} ig k‘L
XX L] £(0x5 %9, - IX0-0X,) i ke

and Fee? FR > R Then

d + 9 . i d & l
F(X,) = F(Xo)+; oj i FlXe) dXe + T2 Lf axax; F(Xs)  dLX', X5,
= . > i,j=4
partial derivatives ) And order qu.\al dariv.
somtkimes denoled F; somel. denoted Fx; x;

4 Co .
Shork- Nolakion  d F(Xy) = 2 F (X)) dX, = 27 Faxs (K4 dIX' X1,
=4 g

Example’ W= (W'..., W) is a d-cim BN
AT 0 %y
Note LW W'1= [1’ i=§ (it hdds LWi Wi1=Iwd,)
At . L A
F(W,)= ;,, \JFX;(“S) dWg + ,‘L;\! Feix: (Wg) ds
Consider” F(Xa, Xa,Ks) ke xs  and B=(8°0%0%)  3-dim BH
in=2axi ) Fx;x;zo, FX:K‘gl = Py

£ . L, ¢ /r/:_—\l
FIBy)= § AR dbs+ JAby dbg +J2 8, dbs+ 57 J 2 ds



Cotollary: (14o's Product formula)

Given conl. X, Y, D(L,[\/L and [X YL Then
XMy = XoYo +J Ks dYs +va dXs + X1,

Proa: Apply Ho-fomula’  Flx, tﬁ)=><x5, feswy ) Fy= K, Fx“Rey = O, Fey® 4
K%~ Koot e o+ § ¥y ks + & (S dIX N, * 54 am X1;)

= Ixif3, - LX YT, —Lx Y1,
- _ —c -
= Exlyl.).

Cot IIarg‘ (U3 for ime Degendence)

Conl. X witw cond. [XY; and F(,x) which is E1iat and €5 in x. Then

+ + +
Flt )= FO.X) * J B Uk ds [ Felss) dts + £§ Flsihd) dIX,

Example‘ Geomelric Brownian Motion
BH W, conslants «,0°70 and inikial value S, then the geom. BH is
St So exploM+(u-$H)

Apply o formula’  F(tx) = s, explox (p-*) t) ~ 3,

Feldx)= Socrexp(ox'r(p\-z)’r) ~? oS,
Fr () 7 So (- )exp(cx*[p 24~ (eg) st
F)o((l:‘\) SoO'(XpLO‘x‘(M" L)x) ~> O"LSA,

- So"\f (p2)S, ds +j oS dWs * %s ds

‘S "'\S‘ PS dS*SUS dws



Las! Lectucels): Ho formula

4 4
1) F:R =R, Fee'):  Flu)- F(xa)leBYF'(xs\dXﬁ%_;fF”(K‘) di,
4+ H d ! —
2) PR R FO®) FII-FOZ SR di * 2 2] R () dDC g PR XRE R

4 4 + Combine L) + 3)
3) FrRxR=R, Fee ™ (RXR)  FtX) =FOxo) « [Rks)ds + JR s dks 3 J EalKa) dI],

|to process:

.. is the soludion of & SPDE driven ba AH.

Oefinition’ Given o BH(W)y,,, fime poinl 4070, some xeR and {untions /A.‘”:X/R 2R, o RxR=2R the process

X thal salisties X" X-Hf &(S ) ds "‘fo’(s, Xs) dWs
| to a apersion
13 C«al[ed an IJ(O"{J‘OCBSS. FV local marhmfak

ShO(l dXﬁ /.A(*,X{)d‘t + G’(", X{,) dWl

Examples® Assume 10=0
1) Acitmetic BM: ultkd=n |, olx)=p
=7 Xt x+ ;f.c ds «n:f/s dWs =X * &b+ mlW ) = xead ey~ Nxead, pt)
1) Geomeliic @M:  pltxl=aX , o) =px  for x70, il
=7 X = x cxp((&- LN+ (sw,)
6) Ornstein Uhlenbedk process

dx, = K(0-X)dt + adW, X7 Jor Ao
—— [

Ml+,x]=k(e—x) o) b
Solution, (Exercise):
t
X, T a(1-¢") + (’ae’”;f e dWs

+
Trick: Rewdle eMX; = T -4) 6 e dwg
o



Plopedies’  dXy= wllx) db+ ok, ) du,

o X1, o'siks) ds

® Markov Process © EL§(K) (5] = ELBGG) 1X, ]
It o o p do nol degend ondime (i), o) = ELE(Xq) 15, w) = E;‘,(‘,,)U(Xm)l
where [Ey is expeclakon wrl o disiibudion o} X with X,= x.

I 4
' &mimaﬂinaa(es‘ Hf;f os,Xs) dWs Aﬁ;f ,44(31/(5) ds

Theotem'  dX, = ultX) dt+old,X,) dW,
4) F:loTlx R — R, Fee* (o xR)
4 + t +
F({HX{): F(O, xo)"'\!ﬁ(xs) dS +'6rFx (xs) ’A(S,Xs) ClS + Q' Fx(X;\ O'(S,Xs) AWS * %\JFXX(Xf’) é(s,Xs) C{S

Proof © Take 3) ondreplace dX, with, }LU(XJ dt +oll,X,) dW, and dosere d[X1,*dLloW], = o d Wl

M'. ds* < S" }Ad* + éﬁd‘o); (C\Ieom. Bro whian MIM)
=m = o1434)

Compule In(S))° s Inlx), §'(x)= ¥, £'(x) = e

i )
(&) ln(&)*!i dss i;f‘si,,, dls),

4 - JSsds + 0S5 dNs = dLSoWlis- .S:O'Ld[\d]j s S:U’L ds
4 G'l +
= .,f/r'i ds +J o dis
o 0
o
= (M‘_L)f + O"Al;

<=7 5= pr((p-%lﬂ +olW, )

Feynman -Kac Formula, *
Funclions on R* ulx), olx) r(x) and PW)  given.
Suppose Flix) that solves the fuminal value problem
%{(&.x) * }ux)%u.x) + io’(x)gg_:fu.xJ = clx) Flt,x) (partial ditfeential equation,) ()
F(T,x) = @&) (terminal mluv,)

Goal * present F in fems of some Ho process



Consider SDE dX, = )ulkﬂ dt + olX,) du, X=X

o

Theorem: Feynman Kac

} Fis sulf. ndeqpoble (e.q. bounded), it holds for fo ¢ T Jhal

Pl <y, (b (- ) ds) 0U6)) ()
g_./w\/ fuminal value

discound
How 1o use Feynman- Kac {'omulq.z
= Compule () with e.q. Honle Calo

= Sdve POE (4) numdica“% 10 compule expeciodion, (2)

Example: f, (i) + pfe * 10 f = of and fiTx)< X

dX,” mdt + odW,
X, * }d * oWy, ~ Nut, o) (ithm &H)

{(o,xo)=l£x,[ exp('g: cds) Xel = & TELX] ™

Recap last leclure
Ho- formula for Ho processes’  dX, = uldX,) dd + olX) dWy

L4 ¢ +
FUh XD = FOX) s, K ds + SFe(5,X5)dXs * 2§ Fiels, Xs) dIX]s

a

+ +
= F(OXQ "'S F (3 X ds +\S‘ FX (S'XS) (M(S,Xs] ds + V‘ﬁ,xs)dus) * %,‘.(Fx)((s,)(5) 0}(3,}(5) d[wls
Q —_—

)
+

- ds
= F(O Xo) s.( (F4 (3 Xs ,u[S,Xs) Fxlslxs) +i o (S)XS)E(X(S»XS)) ds + Bf o’(sixs) dws

7 S _ - >
j'«(l/LfFe Nnman-Kace
Compa;:\;x - P(g“s I local markingale

50|vin3 SOEs: qeomekic Brownian molion

Solve’  d§; = s 5* dt + 0§y dWh  ,  p0 constanls, 50=X/ Gool* S, =t

Ansada: F(s,)-(s,) , Ps):Z, F'(s)-5h

73

+ +
S =lnls,) " )+ &5 dS, + 1S 32 dIsl,
=[osW]

* |n x]*J;/s (s ds+ o5 dWs) ~

(x)*J,u-"{ ds + \of o Ws

S
1
2

0l 4+

@ o5 41,

axp

= [n (x)+ (/w‘-l I+« oW, =) S,k exp( (,uw;’-_l)lf* o'lly )



Fe:,nman Kac:  Assume funclions’ p(x),o{x), x), @x)

Fotx) + uX) Felex) + o) FelkX) = lx) Fax) and  F(T,x)= @ (x)
- — )
Compare wih Ho

Assume for simlicity cx)=0. Witk H3: NV-pard =0 = F(%X,) is local marlingale

FltaXs)- By [ expl J” ) )) T(X)] lor  diy = k) db+ o) du,
L——/\) L‘\" P LSO‘(.(, odeom
oliscounted dASCObLV\-l L
expecied. panotd
& gplion pficL indicates cond. expecialion
= Gondh. xp. pocess delined as Ky = ElX-(8,1 s madiagale for 4. Xr.
< Ey, LX)
Example’

4) Fo X+ ux Fe(dx) + %Lx Fx &%) = O , Xetx , F(Tx)=x
dXy= mXy dhe o XydWye  (opom BH) , Xoox

tro  FLOKo) = E, [Q(XJ] E[X 1= Elxexpl (- JT*O‘M-] xexp -5+ $T) x &

T qeom, E)H

2)  FRGx)+ px F@x) + £ % Fulhx) = ¢ FULX) F(Tix) = X

” < = X (4 S&:X,\,Q( (narlimaale. =p }k’(‘))

Nole' For T(x)= (x-K)? pﬂ’cing formulg. for a call oplion

F(O,Xa) = ELe X IR =

EXLCISL’ Compule S AN Xy whwe X, is a geom. BH. and find & condilion. sudh thal §, s a

local ma.rl{mgal{ ' (Compare with, Foynman- Kac)

D, " < (discount)
0[01‘““("9.:‘.l dl ) ch,,’ }AX;dJ«"' O"’X* dw.\_ Xo = Xo

lo P(odufl toimula + = O
S}z 0,‘,X4 = 00X0+505dxs+\fx3 dos*to X:\

FV

= “'JQ,(S(}AX O(S"'O-X dws)-ejxs (_ -fs)d

"

X *Jersx (N. r) dS*S’rsXs o dws

;

Xo *5 Ss (}k( ds + \6(\ Ss o A\A)s ~) a%ain Qeom. M

[

u

S |O(a\ mo(h‘n‘gqlc FQ( P:f



The Black-Scholes Hodel

Asseds:  We consider

1) money mackel account B with By = explct) dor some ¢>0  (riskless)

L) stock pice S (risklA)

Stock rice dynamics®  Filtued pobabilly space (L0, F, P), 16,3 suppods BH W,

Possible models for S (slock price)?

4) ovithm. O M ( Baxchelier): 3,7 S "f‘_i*gy_;,) ; conslanls o, u 7O
"trendl  “noige”

Sy~ NSerpd, o™t) =2 negalive stock. price

1) qeomelic BH ( Black Scholes Hodel)

Si=Soopl (p-3)t+oW,) 84~ log- NG Dt+1n(S), 0't) = non-regalie

Propeclies’

4) S solues SOE: [dS,= uS; ok oS, dy

srall change inS dS‘_
~— —r
) dsSi < St-Ss _
Inluikive indrprkalion” 5 = 2 di + o dW, = s T M (h+h- 4)+ Cr(W,‘,‘VM) ~ }L.pu oWy,
— small change small change — '__"\___) [ ] Lo e~
celalive in kme inW l@live cha dt =h dw e ~Ul(on)
reladive change + "linear frend" '-—v—‘."m.se :

Change

1) Lo%-rdums: In(Siun)-1n(84) = (W, - W)+ (/.L~%})l’b ~ J\(((M-%})h, oth,)
Volal&lihi 0 is inslanlantous variance of log - felums

Obsewe’  (non-ovurlagping) l03-(c1wns ace indegenden! |

R-Codt’ hta;‘ec&o(ies



Advaniagw (0! BS-model)

4 ) Geom. Brownian molion qives @ reasonable (oul adk pertect| elescriplion Jor assel price data.
L) Geom. BH allows for exgplicil pricing Lomulae Yor o reladively lowque class of derivotives.
3) Black Scholes modll is quile robus\ as a model for hedging decivalives °
= [} real assel prices ate nol koo difteenl Yom aom. BH  hedging shalegies compubed with S model perform

reasomabl% well.

Oi.sadvcm’«oqes :

Financial data show slmnﬁ evidtnce agains! normal distibuled, loa-(clums
% Rolums ase nol iid (bul corr. is low)
° obsolule celums h’%hlﬁ correlated

° Vo(oli\i\i appLars o change fo.ndomlﬂ with Jime.

° Reuins ore hcov_gé tailed (c.q. qude-disk)
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Pricing and Hedqing of Teminal Value Claims
Pricing of a frwinol value claim. wilh poyolt H=h(Sy) (egq Gall hisp= ($-K)%)
Goal®  Find a dynomic eplicating sateqy for the cloim

™ ust stokigy for picing and hedajng

Basic notation :

® A Harkov skattgy ol fimet is o.gjven pair of smoolh funclions

e Morkou: only depends on
( M QWS ) Cu«kg\L value at fime +
# slocks  #units money morkel
ris\mﬁ viskless

® The value at dime T o the shaleay is

V(t,Sy) = ES@(&.&) B, % Q(*,S,()

value poMdio  slocke  H Sdocks value #unids al bank account
Consisting ol price bank account
or
baak account and fiskless bond

clocks

Nole thal rL(’t.S;) = (Vl,s)- SPUS))/ &, sudn thal e portlolio can be descibed via Vand @.

.Se\Hinancin% sha\egies ond gains Yiom Arade
Modivation’ Hoarkov J«odm% sholeqy (@,n) ond poriition ltnl =20

Dedine Qiece wise conslan} approximalions lo (¢ .vL)

(%)
B ()= 7 @lia S, () i, i ®)

{ieTn

iy W)= 2 Ui, Sy () A 1@

{,eTn

and leb V"= ]Sy + Q:L B, Disuele dime linance ° fieceuise conslanl shategy is self-financing

n (7 n o _ l n~ n
<) Vi eTa Vi =Vo + G whee G = Z (Qé (S-Sy.)+ 10, (644‘85_4))
inikial patfolie  Qins from RS Cnange in shock ;}:;; Uhange hank ac.

valut frade # Slocks ol tn Ui ki account Wl in (ki
in portfolio invesied
ab dime tj.q, ()

Self{inancing means® do NOT consume profils
do NOT compensate [osses




Delinidion. [Ho- ln-\!%rol‘

N30 4

g‘. @4? (S‘(\;"Si"y‘) - J @(3}55) dgs

0
n-=>0

i L
&Z; l’l;: (&L‘;-B*\i"‘) — ‘5(‘ Q(&,Ss) OlSs

Delintion’ Given a Markoy- Shrakg y (@5, (L(*,Sf)) induced by smooth {unclions 2, n [0TIxR £
(i)  Gains Prom trade

G = @lsS)dss + S nlss,) dBy

¢ ) [
# slocks  change stock Hunits change baak
Price Accounl
df\ancaes dtﬂnom. hank acount

loc all O<s€d

(i) Sellfinancing (gn): VU = VI0,So) + Gy

inikal
(C\)) Value
—
Not: @, ¢, db,- r.g,f dl = rddi
O

i +
Gy = S 0(s,5) dSg + fvl(s.ss) r B ds

Dedinidion: Consider teminal value claim wilh, payofl h(Sy).

A Sel(ﬁinancing 3\!0&1(3(1 is a replicalinﬁ s’ffa-\eay for the cloim it V(T, S) = MS) J{or all §»0,

porHoliv value  payolt

n '\hai case V(LSL) is “’IL {oi{‘ p{iCC. o@ -[he C'Qim al dime 1. (dep. on repl. slr.)

Theotem’ del V:[o,TI xR* = R ke a conlinueus funclion which solues fne. POE

V, 6,8)+ 2 0%8" Vg (,S) + ¢ SVs 4,5) = ¢ VIL,S) 4,5)e [oT) x
Then 4he hedging shalegy uith, slock posiion, PUS) = Vs 1,S)  and value VU,S) is  selt-financing,
4V safisties V(T,S) =h(S), fne shalegy plicates the teminal value claim with payoft WiSr) ond

lair price equals V,S,).



Proof of Theorem:

+ ¢
1) Quodialic variakion of qeomelic BH: $7 S+ { o S dWs + ;f r S ds

—_—

+ Y =: My (loe.mg.) = A (V)
[§8],=[H,]- chr S dlWg
ds

2.) Appl& Ho on V(,3,)

for simpliciky: no argaments (5:55)
L

+ Y +
Vibs) = Vo) + Wy ds *+ § Vg dSg + 2J Vg dLS)

o 3

— ~—J

oSt ds
V(0,s.) * Jv dS J(v+ &S Vs ) ds >
h—'—\—\_)

2l ss)hd _ | etk
Skaf in +h¢;mé,ﬂ5 = l”V rZ\ZSs } {'(om POE inthe theorem

o
+ 4
* V(0,50) +J D(s8s) dSs *+ f e (V-DSs) ds
r-Bg rL(S Ss) as VLU-S;) = (V(-Jhﬁ)" S@U&))/fb‘\,

Vo, So)’*f D(sS¢) dSs *J VL(SSS) dbs
= rheds keca”)

n

=> (9, v’L] Se'-(financinﬁ

Second claim: Compare with Feyaman-Kac®  u8): ¢S | ot,9) = &S (qeom. BM)
dSy = ¢S, dt + odW, , ¢9. h(Sy) = (sr-K)* ( Call Oplion)
V(0,S.) = (Es.,[ S Ttsod T ELeTh (s, wpl (% )T+ o))~ Gompute with HC o explicitly
Paif price

N T, & T)

Theorem: ((isk-ntulral pricing)
Whods ot VUs)-Eg L™ TV h(s,l)]

whue S solves SDE  dS, = rS, dt + oSW,

risk nedal pricing fomula. in conlinuous dime

Stock has diifl ¢ (inslead of p) Such thal E(J‘S,r is a maf&incaak',.l

Compute the price of o European Call Oplion
V(“' S E [ ‘r(.T"") S-r IR K )@ed&(m is Adcky

lo compuie \ozcouse !}
pcﬁ,\wc paf\

whue S~ log-N{jalsJp- DT, o T)



Two possibilities’ (to compule V(4.5 for Call)

4) Solve PDE with h(S)= (S‘K)f (Reduction fo heat equation)

.'L) Compul‘c, fisk nevlal expectalion .

Theorem (Black Scholes formula.)
The piice of a European call with shike K and malurity date T in fhe Black -Scholes model with, volaklily & and

..r (T-4)

inluest rale ¢ equals
i Cos i Si oy k7) = S Nidy) = KN(d.)

das&nbu&uon Junclion sland. Normalv.

In(s/K) + (r+$0*)(T-4)
with  dy = oNT-1 and di = d, - odT-

European Pud’ Puk-Call poui‘ﬂ Yor pice Cy and P, of Ewopean Call and Pul :
C"' ~((T-\\K= S*‘l' P+

This gves: B = =S,Nl-da) + K& T N(-d., )

Delto. of an oplion’ The Delta of an opion is the derivative wit. the price of the underlying.

2C P
In Black- Scholes Model: Ac® 35" Nldi)  and Q- % - Ae= 4 = - Nldy)
Hed%ima’ The Dela is rdlevant for so-called Delta- hedging
9
° The hedge porHolio ° 9s Cos = Nidu) wils of S (slock)
for @ call ( Ca4,5)-N1da)S) -
J% = 'e:m K'\)(dL) wils of B (&ank account)
) 2
% For a pu\ 95 Pys =~ N(-dy) wnids S

(Pas 45) = (4-Ktd4))3)

5 = &"TKNLd,) units 8




Proof o} BS- formula,:
Cas(hS; 0, k) = SNIdy) - & TV KN (d,)

(ns)IK + (r+1o0*)(T-Y)
with oy = ovT-1 and dy= d, - o+dT-

1 ) Solve POE: apprach, vio. Neatequakion ; Prool skeich,
Lemma: Define TA) = o*(T=4) and a(t,8)= S + (-Z)(T-4)
Deftote by w.lt2): Lo, TIxR = R +he solukion of Uy = i Wgo (heal equation)
aith wo,0)= (-7 T C[,8) =" TP ulew,24,8))
Solves the teeminal value poblem for the price of a Eusopean Call.

Poof  Check Tuminal value*  C(T,$)= w(z (1), 2(1,9)) = wlo,s) = (§-K)" /

o (T-—T) \n(sn+(« SY)rT) - -k

- (T-4) X - @) *
D te T Uy bre%) S ¢ (v~ dugt(F-cuy)
- (T-Y) BTG &) I SR « SO §
Uy ( ) Ugg s* " ¢ s ( Uag ~Us)

= ond we gl Uy = Uy

Soludion. ol heat e;quahm is well known

1 - (2- x)°
w(T 2)s Ve \,( U, () e = dx , uloz)"u,le)

=7 Resuld follows aller tediouws calculasons,

2.) Compude expectation’ Probabilistic approach
+
V()= €Y Eg [($r-K ) 1

Compule expectation !

ST T So pr((r-%l)(‘l’—ir) '(‘Crw-r—\. ) 5 Q_)(p (%)
- I

o 2 N (s (=), ot (T-h)



~(T
(2

For simplicity t=0. Lo o
T Yauo T }A In(So) * ( ‘—Z)T: o GF

o0

"

A f (¢*-K)" exp (‘ %‘&2 ) ol

¢ TELE -K)']

(inleca{aﬂd *0 lor QK7K <@ X 7]WK)

"

o0
(x-p)t (x-p)!
ad & exp(‘ 5" ) dx - & f K exp( PER ) ol

N ) In () )

— ~ < —

=: L =:Iz

Compute To°  Integrand is o} fom  exp (Ak)), Ildea’ Transtorm fo nomal disk. densnbj

opd  —agtetzpend G () + (e ()
AK)= x- zzv =T 25° ol Aot
z
(x-(InSet(r +2)T))
=T Ao* T + (‘Vl. So + (T)
S
(M_‘_S'L)‘L_M’L

6‘_1
st = N+"i :lVLSO+(T

I So+ (T

4
USm9 A e = Yar ot Se we ge

o0

S (x=(nSot(r +2)T))°
A L, = Vo T I QXP(" A nx:&:j ) 0()(

Ink
~ 2-nSe+ (¢+Z)T
Comider &~ N(InSo+ (+)T, o*1) = ol ™~ HN(04)
~ 2 lYlSo"'(("‘ )T nik - ll/lSo"’((+ )T
L L,= 5 PUE 7 k) =S, (T e 7~——\0Lﬁ)

< So (4-N(-dy)) = S NdA) = -dy

Simi(&flxx, ALy = a-fTKN(d,_) (o guad. Subsh\ulionnecessub)



Example’ K=400,(=0.0% 50.2

Price of a. Call Oplion.

Fice o} o.(ul Oplion

—Ta0
— T=025




