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Optimal Stopping problems

previously we only considered European options, thatis an option with payoff only atterminal time N.

Now we consider options thatcan be exercisedatany time before (or atmaturity. Pricing these options can be tricky

as the seller doesn'tknow when the buyer exercises the option.The idea is now to price the option assuming the buyer

exercises optimally. Finding these optimal stopping times anda fair price for the American option is formulatedas

optimal stopping problems.

The problem:Consider some filtered probability space (2,5, P), F = (5n)n=o..... anda non-negative, adapted process H=(Hn)n-....

(the payoff process) andlet

#= =[t:1= 50....,N3, is a stoppingtime]

The associated optimal stopping problem is to findthewith

#(H=x) =supSE(He):=eN3 =:*

comments:

1) Hn1w) gives the payoff,stoppedatt= n (e.g. discountedpayoff of an American option or investment
opportunity

2) U*called value of the stopping problem.

Examples:

1) American putoption.Hn=Brlk-Sn)t

2)European put option maturity T=m. Hn=B(K-Sn)tMan=3

3)Thecase where His a martingale. By the optimal sampling theorem ECHE)
=Ho for any te,

so that any ieF is optimal and U*=Ho

Example:martingale betting stategy
Player places a bet on asimple game (e.g. toss coin). If he wins he gets 100 e otherwise he loses it.
If he loses, he doubles the bet, if he wins he stops andmakes aprofit equal to the original stake.

The payoff is amartingale, therefore this stoppingtime is not superior andit is impossible to win
on average (given finite lifetime of the player).



The Snell envelope

is an important tool in the analysis of optimal stopping problems.

Definition:The Snell envelope (Un)n=o...... of the payoff process It is defined recursively by Un ==Hi and

Un:=moXEL,mEn]] for n=N-1,N-2, ..., 0

payoffnow
expected value
nexttime period

Proposition:Snell envelope for thepayoff process H is the smallest supermartingale Isuch thatEn An faedo....,N3

characterization ofstopping time

Theorem:Consider an optimal stopping problem withpayoff process Hand associated Snell envelope U. Then the

following holds

1 Astopping time I eT is optimal if andonly ifthe following two conditions hold
i) H= =U=

ii) The stopped process with Un =Venn is amartingale

2 An optimal stopping time is given by * = min:=inf(n=0, ..., N:Un=Hn3

3 The Snell envelope gives the value of the problem:U* =Vo

Proof Idea:Since is a supermartingale with H-= UI we have
ii)

E[H=] E[U=] =ECU] =Wo (20)

If Isatisfies i) and ii) then wehave equality and
Iis optimal.

It is easy to see that Imin satisfies
1:i) obvious, ii) for netmin HnUn-maxHn,ECUntel5n)3=En]

martingale

Itfollows thatE=tmin and U* =v.)because we have equality in 120)for min).



Exercise:Consider a2-periodmodel that evolves (r =0):
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Theorem.The fair price ofan American claim with payoff process (CA)=a... inan arbitrage-free and

and complete securitymarked M with martingale measure Q is given by V. =So,o Wo

where (VI)
1 =0.1. . . . .is

the Snell envelope of the discounted payoff process (C1) =(ii) +=u.......



Brownian motion

Definition: stock process X =(Xx+on (2, 5, P) is a standard BM if

(i) to =0 a.s.

(ii) Xhas ind, increments:Xxtu-X+indof Xs set

(iii) X has stationary incr.:x+- xwa(0,u)

(iv) continuous sample paths

Properties:

(i) Wiw W10,t) (W+=W+-Woww10,t-0))

(ii) Cov(W1, Ws) =min(s,t)

Proof:det s 2t. Cov(W1,Wsl=E2W+Ws] -EWs]]
=ECW1Ws] =E[(W -Ws +Ws)Ws]

=E[(W+-Ws)Ws +Ws"] =[(sIWs]+E]
indep. in cr var(Ws) =5 (WsWC0,s)/

-Ws]]=s

(iii) Finite dim. distr.trter....In, (Na.Wen....Win)-N10,2) with ati
(iv) W =(Walter is amartingale

(v) W =(W-+) two is amartingale

1 -

First Variation: +
2

Partition of interval [0, FJ:==20 =12+2... tw =5} I
The mesh is 151:=Rntti-ti-el 3(x1a) -x(ts)/

-
I

to =0 +te teet F =
+5 =1

Firstvariation:function X:Co, 5] - R. (mesh)

Var(X):=
sup EE/Xti)-Xin)13 Finite variation:Var(X)-

Example 1:x(t=+ on [0,1]

Var(x) =x(1) - x10) =1



Exercise:BM is a martingale:E[1B11] = 0, B, adapted
measureable

=>(ii) -

E (B+15s) =E(B+
- Bs + Bs15s] =E(B+-Bs15s] +E(Bs15s] =

E
+Bs =Bs

~10, =(+- s1)

EGEW+-+ 15s]:Ele(N+Wswst+ 15,] =ewses] -aws-fort,salt-s)



we can see that E/X(i)-Xltial) is indep. ofI.

Proposition:For aright-cont, increasing function X:[0,7]-R, we have Var (x) =x(T) -X0)

Proof:Fix partition I.
incr. X

Xil-Xti-ell[etX(ti) -Xti-n) =(X) - x(0)) +(Xtz) -X) +... -(X(tr) -xr-)) =x(N) -XHob

I

Example 2:Ht)=+
*
on [-1,1]

Choose partition : -

- I

StX(ti) -X(tie)l=[/Xti) - XHi-n)1+ [/XHi)-Xti-ell I 11A I I
tiitiendo listimezo I

- 1 tt2 +2 1

, Edtil-Xil
=

X(1) -x(I) +(x)- 1) -x(I)) +(X)F) -x(7))

=a - ((X(F) +x(F) - (x(F) - x(F(1)
-
x0(=0 fur 1 =1 =0) /x (I) - x (F1) =(x1I1 + 1 x (=1) =x(I) +x (I)

Remark:Every cont.diff. function has finite variation.(Proof is exercise)

Quadratic variation

Fix sequence (in)- 0 of partitions of [4,5]

VI(Xin): = (X(i) -xHi-)
+iet

Define [X]+ :=m V(X;<n). If itexists for ft, we say Iadmits quadr. Variation.

Example 1 -
+2 As

first variation:1 quadr. variation along in

x(+) =+
2
on [0,1)

|xH) -x(u)2

I
=>[X]1 =0

I

↓ !

Theorem:If X is continandfin. variation=> [X]1 =0.

Proof:Fix in. VIX, in)-(X(i)-XtilEsup(XHi)-Xl en (Hil-Hin))* sup(X(i)-Xtil Var()tie in tie in
+i t -1In190

-> 0 IXis cont.)



Corollary"X is cont. and +re[x] strictly increasing
->Xis of infin variation on every subinterval [0,5]

Example:First andquadof jump processes. Consider sample pathof Poisson process.
N
+M

3 - ⑳
No =0 ComputeVar (N) on [0,6]:Var (N) =3

31 N2 =1

2 - ⑧
N3 =2

1 -
3.

N5
=3 In general:Var(N) =N+ on [0,t]

·

Ju and (N]1=N1 as jumps =1I ! I is ! -0 1

Quadvariation for semimartingales
Y
=M ++At semimartingaledecomposition
e E

martingale "local trend"

Acan be written as II as als, this is a finite variation process.
Theorem:Xcont. With quadr variation (XI,andAcont. andfinite variation. Define Y =x +A. Then

[Y], =[x+1)
=[X]1

fin. Var.

Quadratic Variation of BM

Theorem:Sequ. In of Co,7] with link to. Then we have

E[(VI (in) - +12] =0
random (BM)

comments:(i) 2"-convergence:Vi (B.;(n)*st

(ii) ->

Convergence in probability:P(IV"(B.;(n)-+2) - 0

(iii) =3 Isubsequ. of in with VB. (w), in) t a. S.

therefore (Blu)]1 =
+for (almost) all wee (pathwise)

(iv) Sample paths of BM are infinite (Theorem)

proof:EC( lBt:-Btie)" - Hirtie))"]=E([(lBt-Beie)*(ti-tie)) ()Btg-Bti)*(tj-tj-))]
t j, ti e[ 11

For itj:increm. are indep, and E.(B1.-Beil-(ti-ti-)] =0
Var(x2) =20", X-WIO, !In

in -o
-E[Ellti-Brin)*(i-ti-))] =2 lti-tie=G [(ti-tielsupltitie)=G+ltn) -O

tic [



Chapter:Ho Calculus

Introduction:

Discrete time model with trading dates to etc...An, and8some trading strategy

Gains from trade:G= E01: (Si-Stin)
stochatti stock attire

In continuous time we define for atrading strategy (01+=

Gains from trade: ne?=ne.81 (S-se.)=G ass

Problem:Existence?

If S has infinite variation (e.g. S1=B1, SUP?1B1.-B..) =8) then the limit does not exist for all continuous O.

Maybe the limitexists for asmaller setof 0 (not necessarily all continuous 8but asubset)?

=>use martingale theory to proof existence with so called to formula. -> We need itfor the Black-Scholes
model (as itis builtwith BM).

Motivation:Ho formula
"Stochastic counterpart of the chain rule"

1 chainrule:C1-functionsf:RERand X. Re RRwith derivatives f'(x) andX'(t)

f(x))=f(x)01)+H's) ols I"ordinary calculus")
fund. th. Of Chain rule
calculusa re

=.f(x)sI aXs
2 Now, I is not ( butcontinuous andfinite variation.

f(x)=f(Xs) +henf'Xein) (X1,-Xine

menos)dXs(exists as X has f.V.)

3 Now X is continuous andinfinite variation butquadr. variation

f(x) =f(xs) +f'ks)oXs + correction term storfe(

Theorem (Ho-Formula):Consider cont. X:[0,T] TRwith contine quad variation (X),anda C2-function F: RPM.

Then we have for teF:

F(x) =F(x.) +oXs+. F"Ks)d2x]s
is called H-Integral.

=(imFx.) (XxX.



comments:

1. For Xfinite variation(=> [x], =0) the formula is just f(x1)=f(xo)+. f's) dXs
2. The sums defining. F'(solts are non-anticipating (F(til used)
3. Short-hand notation:dF(x) =F'(x+)dX+ +2 F "(X+)d[X]1

Examples:Ho formula

1. Compute BI:F(B1) =B1(here x + =B1)

F(x
+) =F(B1)

=B =

...=>Hoformula

F(x) =x2, F(x) =2x, F"(x) =2

F(B1) =F(Bo)+.F'(Bs) dBs+.F"(Bs) dAs
-Bo +2 BsdBstds
-2.Bs dBs +

=>.Bs dBs =a(B -t) = -
correction term

Compare with 'ordinary' calculus:Compute. fls)dfls) for Cl-functionf.

.Asldfls):f(s)f'ls) ds =(arfias) =u du:

2.Compute ett:F(x) =e, F'(x)=eX, F"(x) =e

Mixett-exo setaseas
Pictures: ess =Ele



Quadratic Variation of the Ho-Integral

Lemma:Consider a cont. function X(H) with cont. quad variation [X]and FCC(RR). Then the F(x1) has quad.

variation (F(x)]1=SIF'KXsl[x]s

Theorem:For feC(R) the Ho-integral It= f(Xs) olts is well defined;its quad variation equals

(I], =f(s) dSXs]

Proof:Apply lemma to F =Sf(x)dx. Itholds F=f andF
"=f'.

1) Well-defined:feC =>FeC =Hoformula proofs existence

2) F(x) =F(xo)+ 'Xs)os+Es) d(X), =F(o)+
f fl Ito Integral finite variation (FV)

wee
=: It =: At

=>[F(x)], =(F(x0) +1 +1] 1
=[I]1

we

Il constant -> FV FV

.EXsIdxSs
f

Examples:

1) Compute quad.var. (X)for X+=B

B2 Ho
formula

B+ GBs dBstao
(x)

=
(BY

1

=22Bs dBs]=4 Bds=4SB as

2)Compute quad.var. (X)for X+=exp(B1)

exp(B1)
=

exp(Bo) +Ses dBs+!e" als

[exp(B1],
=e's als



Proof of the Ho-Formula

As afirst step we establisch the following

Lemma:For every piecewise constantfunction :Lo,TJ
TIRwe have

him 9Hie) (1-xin)"=-g(s)d(X)s

Proof:Recall V(Xi(n) =hm IX: -Xiel"

For g(=Ma,bzH) &translates to him onMalti) (XI-Xi)-him enkt-Xi=
ti =t actieb exists as X

E

-Hi VX, in)-ValX, in)
=[x]p- (XSa allows quad. vor

For a general piecewise cont. function o we approximate g by step functions.

Now the theorem itself.

Consider ti, tireIn such that tistand (DX)in =(X.-X...). We get from Taylor expansion.

F(xi) - F(X+i-) =F'(Xin)(DXin) + F"(Xi)(DXin) ·Ec[ti-n,ti]

-F'(Xin)(DXin) + F"(Xe!lDXin)" + Rin Rin
=2 (F"(XI) - F"(Xie)) (Axin)

Define Sn=max[IX-Xil, teltivti], tie In , 0 as Xcont. andlinkeo.

Moreover,

(Rin1= max IF"()- F"(y)l) (DXin)"
1x -yle Sn
-

=:En

En0 IF"is continuous) as Sno

Hence,

I.Een Rin 1inRinl en [IDXin) e 0
tieIn

non

< c0([X], exists)

Now,

F(x1) -F(x) =InFX) -FIX -

mFn)(DXin)+m"XDXin)"lim [Rin1 - 0 +ieIn

+i 27

-or in=

Xs oXs = If F "(Xs)dX)s =0

We obtain the Ho-formula and show that. IF'(Xs) olts exists.



Martingale-property ofthe Ho-Integral

Process [+(w) = f(Xs(w))dXs(w) is astockprocess (as BMI

Consider fee andmartingale M:I1:=.fIMs) aMs;is I also amartingale?
butaweaker"definition

Problems with integrability can arise:Therefore only aweaker resultis true.

Definition:Astockprocess Mis called local martingale if there are stoppingtimes T =Tc... such that

(i) (imTn(w)
=0

a.s.

(ii) (Minnt two is amartingale for alln.

True martingale
s local martingale

Last lecture:

Ho-formula:F(x) =F(.) +folks -ed[X]
=:M1 =: At

*is local martingale.Semimartingale decomposition
e.g. X1

=

B1

=
semimartingale moringale rrcess

Quadvariation:(F(x))1=[M]1=SIF's);d[X]s
Example:Semimartingale decomposition for BI?

B aBsolsI als BM is martingale
- -

=:M1 =: A1

(BY?
=4B, ols



Example:local martingale thatis notatrue martingale

It =s oWs where OsIWI=Y(w) -rr. with ECIY1] =0 (e.g. Cauchy distr.) ind. ofW

= y. dWs=YWI
Integrability:ELIYW+]-EE

=a
Consider Tn=inf[t:1In3 -> 0 localizing sequence)

ECIMine+1) =EClYWilMaiywing] + ECIM-nan=n3] = m Fr

Martingale prop:ECMAnlEs] =Msnin
-(2Y,Wr,r=S3)

#[Manin15s] =ECYWninIFs]:YELNn15s] =YWsnin=Msein U
stopped martingale
is martingale

Adapted:Is =0, Wr;r=s])

Theorem:continuous local martingale M with continuous quad. variation (M], and fe2" Then

Itw) =$f(Ms(wI) oMs(col is a local martingale

Proof:Assume Mbounded martingale, f bounded (General case:localize within). Inl-0, and fix n.

In:Ein f(M) (M1:-Mern), ken is martingale wid 954 5*:Eta /discrete)

as ECIE -IE. 15?..) =E[f(M1.) (M1 - M) 15] =f(Mr. [M+ - Men (5-n]
-

For cont.:tndt and sets, [I+A] =ECIsA] FAe5s (= ECI115s]=Is)
=0(as M martingale)

Proposition:Let Mbealocal martingale. Then the following is equivalent

(i) M is atrue martingale andE (M1) = 0, ft =0.

(ii) E[[M]1] <

If either (i) or (ii) holds we have ECM1=E[[M]1]



Examples:

1) It ==Bsds is a local martingale. Is.Bs dBs atrue martingale?
martingale

[IS1 =Bs als Fubini TonelliSS If/dxdy or SSIf dy
oxexist

↓

Ef[I]1] -ECB, ds]=SECBs ds =s ds =

a

If:= ~ N(0,45)alsoatruemartineads=e" ds=e= Ie
~logNV(0,45)
t

3)Not a true martingale:It (Is dBs, E(1sI] =

Why price process with infinite variation?

Arbitrag-free:S is marting ale
Theorem

*SFV => S is constant a.s.

Proposition:Consider alocal martingale M with continuous trajectories of finite variation.

Then the paths of M are constant, i.e. M1=Mo a.s.

Proof:If (M), =0, then M2 also loc martingale:Mr=Mo+S2MsdMs]s.;Assume for simpl. M,Mtrue marding.
0 =E((M+

-M0)Y =ECM12 - 2M1Mo + Mo] =E-2+EMoS+M
-Mo

=>E()Y =0 > M1 =Mo a.s.

Covariation:

Fix In partition of [0,TJ, In8, and continuous quad. variation [X]_, [Y]1

Definition:him (Xi-Xin) (4:-Y)=:[X,YS1covariation

Theorem:[X,YJ,exists> [x+Y]1exists

Polarization (dentity:(X,Y)1
=a) [x+y], - [x] + - [Y]1)



Examples:

1) CX, AS, =0 if A FV-process, Xwith [X], continuous

We know:[X+ 111 =[X]1, [A]1 =0

FV process

=>(x,A)1 =a)(x +A)- (x)1 -2)) =0
e

[x]1

2) Indep. BM B" and B2:[B, BY =0

=>(B,BY 1
=

E/B--B
=0

X+: =BBis BM (Proof as an exercise

[x]1 =2[x]+=2+(H holds [aX]1a[x]1, and [aX,by21=ab(x,y31)

3)fig =2, X cont and cont[X]1

Y1 =
=f(xsdXs, G: =g(Xs) dXs

Then:(Y,231 =f f(XsIg(s) dAs

Theorem:Given cont. functions X=(x, ..., xY:C0,5] - Rwith

I (**)if k
=L

[x*,X'=E)[x4,x'1 -[x],-[x]) if k=j

and Fc2, F: R*- R. Then

F(1)=Fko) +EEs) oxs+ FXs) d2X, XiSs.!
i,j =1

partial derivatives 2nd order partial deriv.

sometimes denoted Fx: somet. denoted Fx,x;

Short-Notation:dF(X+) =[Exi(X) dXi+ Fxix;(X+) dSXi,]1

Example:W =(W, . . ., w") is a d-dim BM.

i tj

Note (W",W"],=[ i =j(itholds [Wi,wiz =[wi]1)

F(W+)=E. E. (Ws) olWs +E Fix, IWs) als

Consider:F(x,x2,Xs) =x+x2+x and B=(B,B,BY 3-dim BM

=3t
Fxi =2xi, Fxix; =0, Fxix, =2

FlB.1)=.BdB+asd+ 2BsdB+2as



corollary:(IO's Product formula

Given cont. X, Y, CX1, [Y]and [X,YJ. Then

x
+
Y=XoY +Xs dYs+, Ys dXs +2X,Y] 1

Proof:Apply Ho-formula:F(x,y) =xy, Fx
=

y, Fy
=

x, Fxx =Fxy
=

0,Fxy =1

xxz

x
+4 =xoYXsdYs+yos +(,4]s+1ds

=[x,Y]+ - [X, YJo =[X,Y]s
e

-
=[x,y]+

coullary:(Hfor time dependence)

cond. X with cont. [X]and FH,x) which is lint and einx. Then

F(t,X1) =Fl0,Xo) +.Ffs) als + Fxls,Xs) as+F"(s,Xs d[X]s

Example:Geometric Brownian Motion

BM W, constants 2,500 and initial value So, then the geom. BM is

S1 =S. exp(oW++(n - (t)

Apply Hoformula:F(+,x)
=soexp(ax +(n -Et) - St

Fx(t,x) =S00exp(0x +(n-EY+) ~St
F+(+,x) =So(n-exp(0x +(n-(t) - (-E) St
Ext,x) =Soexp(ax +(n - Eit) ~St

S1=sot,(m)Ssds+ ES, dWstos, as
=SotMSs dstS, dWs



Last Lecture(s):Ho formula

1) F: R e R, Fee"M):F(x) =F(o)+.F'slos+. F "(XsldCX],
2) F: R" + R, FECYRY:F()=F(o)+EKsIdXs +Ex, Ks) d(XiXs F:R+ xR" -> R

3) F: RxR-R, FEY"(RYR):F(t,X) =Fl0,Xo)+. EksIds +Eslost. ExXsI dCX], I combine 2) +3)
Ito process:

...

is the solution of a SDE driven by BM.

Definition:Given a BM(W)+c0, time point to 0, somexeand frentions M: RXR -IM, o:RXRTRthe process

Xthat satisfies x=x +s) ds +s) dWs
"drift" "dispersion"
-a

is calledan Ito-process. FV local martingale

Short:dx1 =

M(,x)dt +zt,X)dWt

Examples:Assume to =0

1) Arithmetic BM: ult,x) =2,0(t,x) =B

=>x=x +fads +BaWs =

x +a+ +B(W+-wo) =

x+at+B Ixtat, t

2)Geometric BM:MH,x) =2x, a(t,x) =Bxfor so.

=>x
+=xexp((- 22 ++Bwi)

3)Ornstein Uhlenbeck process:

dX =k(0 -x)dt +bdWt, Xo= foro
men

ult,x)
=k(0 -x) F(t,x) =B

Solution (Exercise):

X=ektf +f(1 - ekt) +Bekt e dWs

Trick:Rewrite e**X+=r+let- 1) +Se dWs



Properties:aX+=y(tiX)dt +(t,x+)dW1

· (X)
1
=as,Xs) als

· Markov Process:E[f(XT) 151] =E[f(X,)(X+]

If 8and i do notdepend on time (M(x),o(xi):([f(x+)15+)(w)
=Ex[f(X+-+)]

where Exis expectation word to distributionof Xwith to x.

·

Semimartingales:M1=als,Xs)dWs Ar M(s,ts) as

Theorem: dX+
=

uIt,X)d+ +ot,X1)dWt

4) F:(0,T] x R ->R, Fe e-(20,T] xR)

F(t,x) =F10,X) +Xs)ds +Ex,)mIss) ds + ExsIols,XsIdWs +.! Fas)Els,Xs) als
Proof:Take 3) and replace oX+with MH,X) olt+olt, X1ldWtand obsere d(X]1=doW] =

ds
S

Example:dS+=dt+ dWt (geom. Brownian motion
=M(t,St)

=o(t,St)

Compute (n(S1):f()=Ink), f(x) =1, f(x)
=
- -

In 151)-In(2)+, aS, +.?-si-sid(W),-sdsen
=1

-MSsos +SsolWs

- m -ds + dWs
=( -+ +oW

=>
St =exp((n-Ei ++rwx)

Feynman - Kac Formula:

Functions on IR:M(x), (x), r(x) and OK) given.

Suppose F(,x) thatsolves the terminal value problem:

&E(,x) +MK)E(,x) +8KEH,x) =r(x) F(+,x) (partial differentialequation) (2)

F(T,x)
=0(x) Iterminal value)

Goal:representF in terms of some to process



Consider SDE:dX+=M(Xdt +f(x) dWt, Xox.

Term:Feynman Kac

If Fis suff. integrable (e.g. bounded), itholds for to IT that

FHo,X1d=Ex. (exp(-r(Xs) ds) V(x-d) (2)
me retinalvalue

discound

How to use Feynman-Kac formula?

-> Compute (2) with e.g. Monte Carlo

> Solve PDE (1) numerically to compute expectation (2)

Example:f+(ix) +Mfx +20fxx =rf and flT,x) =x

dX1 =

Mat +dW
x=a

++oW+ -N(M+,t) larithm. BM)

fl0,x0) =Ex[expl- rds) X+) =e [X]=er m5

Recap lastlecture

Ho-formula for to processes:oX =MH,Xy)d+ +4.x)dW1

Flt, x) =Fl0,XoltEls, Xol ds +Fxls,XsldXs Fxxls, Xe)d[x]s
-Flo,x+Fs,Xsds+s,) (MIs,XsIds +sdWs) + Fax)s,Xs)als,As)s
-Flo,xosslFxs)+ssEsal) as -als.Xs) dWs

e

compare with Feynman-Kac local martingale
FV-process

Solving SDES:geometric Brownian motion

Solve:dS =

MS, et +eSdWt , M, o constants, Sox, Goal: St = ?

Ansatz:F(S11=In (S1) ,
FIS1=St, F"(S1)=-

F(S1) =In(S1) =InIS.)+, dSs+.-s d2S],
en
=[OSW]s t

-Inkx) +(msds +dWs) -St asd
-Ink) +u -ds +oWs
=(n(x) +(n - 24 + +aW+ Est = xexp((n -Ei++wwi)



Feynman Kac:Assume functions:M(x), f(x), rix), (x

-nee)Fx1,x) +a) Fxx,x) =r(x)F(tix) and FIT,x) =(x)

Compare with Ho

Assume for simplicity r() =0. With H: FV-part =0
=>F(+,X) is local martingale

F(to,X1) =Ex (expl-s (I(X+)] for 0x+=a(X)dt +a)x)dWx
en

ne - payoff option
discounted ↓

discount rate

expected payoff
Ioption price indicates cond expectation

=>coud.exp. process defined as X+=ECX+ 151] is martingale for rv. XT.
=Ex,[X+]

Example:

1) F((+,x) +MxFx,x) +Ex Fxx(t,x) =0,x0=1,F(T,x) =x

·x1 =mx+at+xdW1 (geom.BM), Xo x

to0 F10,Xo) -Ex)
=ECX+] =ECxexp((m-E)T+aWlS =xexplIm-T+) =xe
e

geom. BM

2) F
+(+,x) +MxFxt,x) +ExFxx(t,x) =rF(t,x) F(T,x) =x

form=r

F10,X01 =ELX+/Xo] =xe-rsT I = X. (ifSt=xert martingale =m
=r))

Note:For E(X)=(x-Kpricing formula for acall option

Exercise:Compute SIXwhere Xis ageom. BM. and find acondition such that S,is a

local martingale! (Compare with Feynman-Kac

D1 =ert (discount)

oD+=-redt, dx1 =aX+d+XdWt Xo =x

Ho Productformula
t

St=D+X+*Doot! Ds dstXsolDs+
t

t

=

Xo +fe(Xs ds+XsdWsl+! Xstre) as
=

Xo+feXs (M -r) ds + fes o oWs
t

=Xo ! Ss(M-r)ds + Ss o dWs ~b
again geom. BM

-

S local martingale for M=r



The Black-Scholes Model

Assets:We consider

1)money market account B with B1 =exp(rt) for some ro Driskless)

2)stock price S (risky)

Stock price dynamics:Filtered probability space (2,5, P), [513 supports BM Wr.

Possible models for 5 (stockprice):

1) arithm. BM (Bachelier): S1 =So +ut +W, constants ,MCO
-

"trend""noise"

S1vN(So +M+, ct)
=

negative stock price

2)geometric BM (Black Scholes Modell

St =Soexp((n- E) + +oWx) Sy-log -N((m-E(+ +(n(so), vt)
=

non-negative

Properties:

1)S solves SDE:dS1 =MSL dt + SdWt

dS1
-

Intuitive interpretation:
mains Stth- St

S1
=

St

- Matrantane
x=3

e

-

e (t) +o(W) -erelative relative change dW1 S-w(0,n)

change

2) Log-returns:(n(S++n)-(n(S1)
=

o(Win-Wil+(n-Eh v N/(m-ETh,ach)

volatility or is instantaneous variance of log -returns

Observe:(non-overlapping) log-returns are independent.

R-Code:trajectories



Advantages:(of BS-modell

1) Geom. Brownian motion gives areasonable (but not perfectdescription for asset price data.

2)Geom. BM allows for explicit pricing formulae for a relatively large class ofderivatives.

3)Black Scholes model is quite robust as amodel for hedging derivatives:

-> If real asset prices are not too different from geom. BM hedging strategies computed with BS model perform

reasonably well.

Disadvantages:

Financial datashow strong evidence againstnormal distributed log-returns

· Returns are notiid (but corr. is low

· absolute returns highly correlated

·

volatility appears to change randomly with time

· Returns are heavy tailed (e.g. Student-t-distr.)
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Pricing andHedging of Terminal Value Claims

Pricing of aterminal value claim with payoff H =h(S) (e.g. Call h(ST) =(St -kl)

Goal:Finda dynamic replicating strategy for the claim

~>
use strategy for pricingand hedging

Basic notation:

· AMarkov strategy at timetis agiven pair of smooth functions

( ),M (
Markov:only depends on

Current value attime t

#stocks #units money market

risky riskless

· The value attimeofthe strategy is

#)
=

+*
value portfolio value #units atbank account

consisting of price bank account

bankaccountand riskless bond
stocks

Note that yH,S1):=(VC+,S)-SOH,s))/ Btsuch that the portfolio can be described viaVandy.

selffinancing strategies and gains fromtrade

Motivation:Markov trading strategy (X, n) andpartition link to

Define piecewise constantapproximations to (X,n)
(*)

①(w) =en (ti-n, Stin(w)) Astin,ti](t)

n(w)
=

Een(ti-e, St...(w)) atinstig()

andlet V =0 S++251. Discrete time finance:piecewise constant strategy is self-financing

> Fie In V =Vo + am"where andtestine) -itis-l)ur e

initial portfolio gasfrom Change in stock #bank change bank ac
value #stocks value in itseits] account value in Hirti]

in portfolio invested

attime tj-. (*)

Selffinancing means:do NOTconsume profits
do NOTcompensate losses



Definition (to-Integral.

sirfirstsin)assothe
Definition:Given aMarkov-Strategy (81,SI, y(t,si)) induced by smooth functions 0. 7:CO,TIx+eR

(i) Gains from trade

G=ss -a
#stocks change stock A unit s change bank

price accound

changes dynam. bank account

for all02S=

(ii) Selffinancing (0,n):VH,S1)
=

-) +G1
initial

cert)' value

e

Note:B+=ert, dB1 =redt
=B,dt

at =01s, s,dS,tyls,Ss) Bs ols

Definition:Consider terminal value claim with payoff h(SM).

Aselffinancing strategy is areplicating strategy for the claim if-for all sco.
portfolio value payoff

In thatcase UI, SI) is the fair price of the claim attime to sep. on repl. Str.)

Theorem:Get V:CO,T]xR+ -> RRbe a continuous function which solves the PDE

V H,5) +s' Vssl,S) +rSVsH,S) =rVIt.S) It, S) e[0,T) x it

Then the hedging strategy with stock position OH,S)
=VsIt,S) andvalue VI,SI is self-financing.

If V satisfies VIT,S)=h(S), the strategy replicates the terminal value claim with payoff his) and

fair price equals VC,S1).



Proof of Theorem:

1) Quadratic variation of geometric BM: Sy =So+SoWsaos
[S]=[M1)

=jo's,t
=:At(FVS

2) Apply Ho on VI, SA) for simplicity:no arguments
(S,Ss

t L

VI,51) =v10,so) +SV dls+! Vs dSs +.!Vsss
=v10,sol+Vs alSsVss) as

as als

un

=V(s,Ss) hedging =rV-rVgSs ] from PDEin the theorem!Strat. in theorem
Er

①

=v10,50)+,0(s,Ss) aS,+ws) as
r.Bs.y1s,Ss) as yH,S1) :=(VCt,S)-SOH,s))/Bt

-v10,sol+,01s.Ss) aSs yIs.Ss
=rBsols (Recall)

=>(, 2) selffinancing

Second claim: Compare with Feynman-Kac:MH,SIr.S, olt,S)=oS (geom. BM)

·St =

rSol + adWt e.g. h(Si) =(ST-Kl*(CallOption)

ol:Eeh(S)]
=ELerh(Soexp(EWi))] -> compute with MC or explicitly

fair price W(Cr-ET,o

Theorem:Irisk-neutral pricing

Itholds thatVH.S): Es (e-r-* h(5+-1)]

where S solves SDEdS1 =

rSolt +S+W1 L
riskneutral pricing formula in continuous time

Stock has driftr (instead oful such that etsyis amartingale!

Compute the price ofaEuropeanCall Option
OI expectation is trickyv(+,S) =Es[e r(T-t)(T - k)*tocompute because of

positive part!

where ST-100 -N(InIol+(n-EYT, o2T)



Two possibilities:(to compute V(t,s) for call)

1) Solve PDEwith h(s)= (S-K).(Reduction to heat equation)

2)Compute risk neutral expectation.

Theorem (Black Scholes formula)

The price of aEuropean call with strike K andmaturity dateT in the Black-Scholes model with volatility and

interest rater equals
CsIt, Sio,r,k,T): =Sde) - (

-

+kI(da)
distribution function stand. Normalv.

with 0 =

((r+204(T-1)
o and dad -oft

European Put:Put-call parity for price C and Pt of European Call and Put:

C+e-k
=S

+
+Pt

This gives:P =-S1N(-d1) + ker-HN(-dz)

Delta of an option:The Deltaof an option is the olerivative wit. the price of the underlying.

In Black-Scholes Model: &c =5 =

N(d) and Ap =es =

Dc - 1 =- NIde)

Hedging:The Delta is relevantfor so-called Delta-hedging
· The hedge portfolio: ⑤s bs =

Non) units of S (stock)

for acall (CBs (,s)-Nde)S(

ert
=-kN(d2) units of B (Bank account)

· For a put: s Ps = - N(-del units S

(PBS (s)-
(1- N1d)(S)

=e kN(-del units B
C



Proof of BS- formula:

CsIt, S;0,r,k,T): =SN(d) - (
-+kN(da)

(ns)(k +(r+204)(T- 1)
with on= o and dad -oft

1) Solve PDE:apprach viaheatequation;Proof sketch

Lemma:Define H) =0(T-1) and z1,s) =InS+(r-2 (T-1)

Denote by ult,z1:CO,TJxRRTRthe solution of u
==Euzz(heat equation)

with ulo,z) =le-K). Then CH,5) =N-+'u([(t),z(t,S))

solves the terminal value problem for the price of aEuropean Call.

Proof:Checkterminal value: CIT,5) =u(),)
=() =(5-k)+

=-T-T) (n(S) +(r -(T-T) =(ens) - k)+

84 = ers-tr.x +
- r(T- t)

·a=(-4 +g(T
-

+.uz.fr +e) =ir(T
-

t(ru - on=+( - ruz)
2

es
=ir(T

-+u
= 5,

&> Ferst-uz () +ert-tuzzn=
t-t(uzz -uz)E

2

Plugin:C+s"Cs+rSCss =rC

=>and we get:U =Uzz

-

Solution of heatequation is well known:

ult.z1=Eit YokeEdx, u10,z) =uoz)
=>Resultfollows after tedious calculations.

2)Compute expectation:Probabilistic approach

v+,5) =e
r(T-+)-k)]

Compute expectation.

St =Soexp((r - (T-+) +xW+-+) =

exp(z)
-

=zvw(n(so) + (r-)(T-+), o2(T-t)



- rT
For simplicity +=0. Let

a
*r, M:=InIso)+)r-) T, 8 =

=u

erTECle-K)+] =aSle* -Kltexpl-r") ox (integrand 0 foreck = xInk)

=Seexptar") ok-ept- r") ax-
=: In =: Iz

Compute In:Integrand is of form exp(AC)), Idea:Transform to normal distr. density.

IX -ul - 2E + x - 1Mx +M
=

-

(x- (n+E1)2 +(n2 - (n+=Y2)
X(x) =x - z=

=

- 2E 2

=_(X- (Inso +1r +T))
202T

+(InSo + rT)
-

(n+822 -u2
- 2

=

u
+E =InSo +rT

InsotrT=
So we getUsing a e

a I = exp(- X-(Insotirt") o202T

Consider EmW(InSo+(r+ET, o't) =>
E-InSo+IrtEt
a ~ w10,1)

aI =SoDlEc (n(k)) =SP)E-InSo+(rtET,
Ink-InSo+(rtEt

Ia a
-

=So(1 - N(-d)) =SoN(d)
=

- d1

Similarly, 2Iz
=ekN (d2) (no quad substitution necessary)



Example:K=100, r =0.03,0 =0.2

Price of a Call Option Price ofaPut Option


