Unit 3 Continuous Time Finance

June 8, 2012

1 Exam questions

1.1 Explain the steps for defining the Ito-integral

t

The Ito-integral is defined as follows: X; = fot H,dW, ::l,fﬁoo 0 H,,sdW The
following steps shows how to arrive to this definition.

L. let Ho = >0 Zi—1%1u, ,4,(s) be an adapted, left-continuous step-
process.
= X = [{ HodW, = Y0 Zi1 % (Wiyne — Wi, i) s well-defined inte-
gral, which is a random variable at the same time.

2. let A, = [{ H2ds = S0 | Z2 % (t; Nt —tioy N1).

3. Now we want to show a kind of continuity:
We use the Lemma 3.1: Let (H;) be an adapted cadlag step process. If
Ay is integrable, then X; is a square integrable martingale and X? — Ay is
martingale, as well.
So, we can use the “Isometric equality” and show

2
E [( I HSdW5> ] —E { I H2] which implies following:
H,s —> 0= fot Hy,dW4 — 0 which is the desired continuity.

4. Now, if £ [ fot Hfds] < 00 then for any Riemannian sequence of subdivi-
sions of [0,t] the following holds:
Hys = Z?:lthvi—l * 1(%,1‘71,%,«;] (S) — Hy

5. So, now we arrive at the (%esired definition shown at the beginning:
Xy = fO HydW, ::%Tmo 0 Hy,sdWy



1.2 When is an Ito-integral a (square integrable) martin-
gale?

Here we can use the Theorem 3.5, which specifies this property (it tells even
more).

Theorem 3.5: The Ito-integral X; = fot H,dW, is defined for every adapted
cadlad process (Hy) and is a local (square integrable) martingale. It is a square

integrable martingale iff £ [ fot H fds} < 00. In this case the assertion of Lemma

3.1 is valied and the isometric equality holds.

1.3 Compare the properties of the Ito-integral and the
integral w.r.t. a Poisson process

Tto-integral: X; = fg H,dNs is: @

e X, is square integrable local martingale and if { f(f Hfds} < 00, then

even a martingale

e X7 —tis martingale
Stieltjes-Integrals w.r.t. a Poisson process
. fot H,dN, is not a martingale

° fot H,d (N — Xs) is a local martingale

1.4 When is the Wiener-integral a Levy-process?

Here, we have to check two properties, namely independency of the increments
and stationarity of the increments.

e independent increments: see Proof 3

e stationary increments: the increments are stationary if their variance is
proportional to t-s. Let’s check it:

1% (fg de) = fot h%ds = axt = fot ads. This is true only if fot (h? —a)ds =

0 < h?(s) = a = constant (under the assumption that h is positive or
continuous).

1.5 What can we say about the increments of Ito-integral?

For Ito-integral: X; = fg H,dW,, we can define the increment as follows:
if t; < to = the increment is ftt12 H,dWs.
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e Since the Ito-integral is martingale (if E [fot Hfds} < 00) then the ex-

pected value of the increments has to be zero: E [ ttf HdeS\}-s] =0

e Covariance for two increments where s < ¢t < u < v can be defined as
FE [f; H,dW, « f: HSdWS] (recall that the expected value of Ito-integral

is zero since Ito-integral is martingale (under some assumptions)). There-
fore, @

t v 2 .
B[ HodW, s [ HadW,| = B [ 1% 100 % H2AW,] = 0 = the in-
crements are uncorrelated, BUT not necessarily independent. Based on

the covariance, we cannot make any statement on independence, since
Ito-integral is not Gaussian.

1.6 Explain why a square integrable Levy-process is a
semimartingale.

Recall the definition of a semimartingale: A Semimartingale is an adapted cad-
lag process which is the sum of an FV-process and a local martingale.”
Levy-process X; can be rewritten in the following way: X; = pu*t + M;, where
M, is a martingale and p * ¢ is a finite variation function.

2 Exam proofs

2.1 Prove Lemma 3.1
We have to prove three things:

1. X, = fot H,dW,, is a martingale,
2. X? — A, is a martingale, and

3. X; is square integrable

1. X, = fot H,dW,, is a martingale ?
We have to show [X; — X |[{s] =0
We can write the increment in the following way: X;—X, = Y0_, Zi_1 (W, = Wiy )—
Z;:1 ijl (Wtj - Wtj—l) = Zzzs+1 Zi—1 (Wti - Wti—l)
plugging in the conditional expectation: F [X; — X¢|Fs] = F {Zﬁzkﬂ Zil@ - Wi,) |]:S] =
t t
Zi:k+1 E [Zifl (WtL - Wti—l) ‘]:tk:l = Zi:k+1 E [E [Z’ifl (Wt» - Wti—l) | ti—l:l ]:tk] =

> ek E01F] =0
Therefore X; is a martingale.
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2. X? — A; a martingale?
E[X? — Ay|F,] = X2 — A, 777 We will show it in the following way:
(X, — X,)° = X7 — X2 —2X, (X, — X,)
E[(X - X)’|R] = B[X}IR] - E[XAR] - 2XE[X: - X.|7] =
B [X2|7.] - X2
If we can show that E [(Xt ~X,)? |Fs] = E[A; — A,|F,] then X2 — A, is
martingale.
(Xt - Xs)2 = Z?:k-&-l (Zifl (Wti - Wtifl))z = Z?:k+1 Zi2—1 (Wti - Wti—1)2+
Z:‘;&j Zi-1 (Wtqz - Wtifl) *Zj-1 (Wtj - Wta‘—l)
Now we show that the last term is zero (assume 7 < j):
E [Zi—l (Wti - Wfi—l) *Zj (Wt;‘ - Wtj—l) ‘]:tk] =
E [E [Zi—l (Wti —Wiy) * Zja (Wtj - Wtj—l) ]:tj—J ‘]:tk] =
E [Zi—l (Wti - Wti—l) * B [Zj—l (Wtj - Wtj—l) |]:[tkH =0

Therefore: E [(Xt ~X,)? |fs} —F [z;;k L2 W, =W, ) |]-'tk} _
ik B {E |:ZiQ—1 (Wi, = Wi, |fti—1} |ftk} =Y B 122 (i —tia) | Fe] =
B[S0 (220 (6 — ti0) 17 ] = B [[] Z24ulF,| = B[A: - AR

2.2 Wiener integral has normal distribution

Wiener integral is defined as follows: fg hsdWs.

For h being a step function h = Y7 | a; % 1¢, ;) we can define the Wiener
integral X; as follows: X; = fot hedWs = 7 1 a; % (Wi, — Wy,_,) which is a
linear combination of normally distributed independent random variables and
hence normal distributed.

Now, we will show it for any function h:
let by = >0 g aix L, o 4] = foh hpdW =311 a; % (Wyi—1, Wy;) is linear com-
bination of normaly distributed random variables = normally distributed.

Now we define function h as a limit of functions h,: h = lim,—sochn
X, = fot hdW = limy_ o0 foh hndW and X, is normally distributed as well.

2.3 Covariance of two Wiener integrals

V (o maW + g hodW ) =V (fy b+ hadW ) = [y (hr +ha)? ds = [y h3ds +
Jiy h3ds +2 [} hihads

We can write the first expression as:

V (o maw ) +V (fy hedW) + 2Cov (fy adW, f haa'V)

If we compare these two “results” we can show that:

2Cov (fy MdW, [y hodW ) =2 [y huhads



Therefore, Cov ( [y hdW, [y hadW ) = [ hihads

2.4 Wiener integrals have independent increments

X, fg hdW Let’s define two increments (where s < ¢ < u < v)

X¢— X, = [ThdW = [1(,4yhdW and

Xy — Xy = [ hdW = [ 1, ,jhdW.

cov (Xy — X, Xy — Xy) = [Loq % l(u’v]ths =0 (It is so, because (s,t] and
(u,v] are disjoint intervals)

since X; is normal distributed (see proof 2), we can conclude that the covariance
of zero implies independence of the increments.

2.5 Find the covariance of two Ito-integrals

v (Jo HaW + [y Gaw) = E [(ng+GdW)1—(E [ng+GdW])2 ~-F {(fotH—ierW)Q}
Let us define I (¢) and I (¢)

I (t) = [y HAW L (t) = [} GAW

Now we can write the covariance of fot HdW and fot GdW as

cov (I (1), I (1)) = E I (t) x I (t)] = E [ (t)] x E [I (t)].

Since I; (t) and I, (t) are martingales, the last term in the previous equation

cancels out and we get: cov (I1 (t), 12 (t)) = E[I1 (t) x Iz (t)]

Now we show that I (t) x I5 (t) = (Il(t)+12(t))22_11(t)z_lz(t)Q. Taking the expec-

tation of this (since cov (I1 (), Iz (t)) = E[I1 (t) * I3 (t)]) leads to:
21 2 2
E[Il (t) * I2 (t)] — E[(Il(t)]'i'E[IZ(t))Q} E[Il(t) I3(t) ]

Now we can plug in following expressions (using isometric equality):
2

E[L @] =F [(fot Haw) ] = B[ Jy Hds| = [y B [1?] ds
2

EL®)°| =F {([5 Gaw) ] = B[y G?ds| = J, B[G*] ds

E [(11 (t)+ I (t))z] —F {(ng + de)z} —E [fg (H+ G)st} —['E [(H + G)Q} ds

Plugging in the expression for covariance gives:
cov (I (1), I (1)) = I E[(H+G)?]ds—E| [} szs]:fg?E[Gﬂds—E[fJ H2ds|=[; B[H?]ds _

3 E[H,G,]ds.




2.6 Show that a square integrable martingale which is con-
tinuous and FV must be constant

Let’s define M; as a continuous square integrable martingale.

Moreover, let us assume (w.l.o.g) My =.

Since My is a finite variation process, we can use the integration by parts formula
to write M? — M3 = [} MydMs + [ MydM, = M2 =2 [; M,dM,

There exists following theorem:

Theorem: Suppose M is continuous FV square integrable martingale = Y; =
f - MydM; is a continuous martingale.

By the theorem we know that M? = fo MydM; is a continuous martingale.

= E[M?] = E[Mg] =o0.

So, we also know that if z > Oa.s. and E[X] =0 = z = Oa.s..

Therefore, M; is constant.

2.7 Show that the representation of an Ito-process is uniquely
determined

Suppose we have two representation for the Ito-process. We will show that they
are identical.

T = To + fot agds + fot bsdW,

Te = o + fot asds + fot b dW,

Subtracting these two expressmns gives:

Ozfot —a, ds—l—fo(s bs) AW,

fot( —as ds—fo( b) W

Now, the argumentation is following: the left-hand side is a FV-process. There-
fore, the right-hand side is FV, continuous (because of the jump rule - Wy is
continuous), square integrable martingale).

Let as write the right-hand side as y; = fot (bs — bs) dW, is continuous FV
square-integrable martingale. Then by Theorem 3.12 y, = yo = 0 for all t.
Therefore, the left-hand side (f(;5 (as — @5) ds) is constant as well and a =@

Now, we have to show that b = b
var (fot (gsbs) dVVs) [(fo ( s )dW) = f(f E [(Eg — bS)Q} ds (by iso-

metric equality.
Since y; = 0= Var (y;) =0

0—f0 [( )}ds

Therefore, by, = bs.
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2.8 Let M, be a square integrable martingale. Show that
there is at most one continuous FV process such that
M? — C; is a square integrable martingale.

Suppose C; and A; are continuous FV processes s.t. M2 — C; M? — A; are
square integrable martingales.

Cy = M? — mart.

Ay = M? — mart.

Subtracting these two expressions gives: C; — A; = square integrable martingale
Since the left-hand side is FV, the right-hand side is FV as well.

= (¢ — A; is a continuous square integrable FV-martingale.

By theorem 3.12 = C; — A; is constant.

Assume (w.l.o.g) that Ag = Cy =0 then C; — A, =Cy— Ay =0 = Cy = A;.

3 Exam problems

3.1 Find expectation and variance and check the martin-
gale property

1. fot e2Ws dWw,
First, we will check whether A; = fot (eQWS)2 ds is integrable:
E [f(; (eQWS)2 ds} = using Fubini-Theorem = fof E [(eQWS)Q] ds = fot E [e*Ws]ds =
Jie =L (e 1)

8
= A; is integrable = X; square integrable martingale

2
variance of X;: V (Xy) = E {(fg 62W5dW5) } = by isometric equality

=K [fot €4W“d8} =1 (e8—1)

2. X, = fot 2Ws qW, First, we will check whether A, = fot (QWS)st is inte-
grable:
B[ [y (27)"ds| = using Fubini = [} B [(227)] ds
In order to get e expression in our expected value, we conduct follow-
ing steps: 2 = e"2"" = ¢Wsln2 plugeing in the expression above, we get:
= fot E[(e":"?)] ds = fot A g fg e2(In2)’s g
Let ¢ = 2 (In2)?, then fot e2(n2)*s g — f(f e“ds =1 (e — 1)
= X; is a square integrable martingale.

E[X,] =0

2
variance: V (X;) = FE {(fot QdeWg) ] = by isometric equality = F [fot (2W5)2 ds] =
(et~ 1)



3.2

3.3

plugging c gives: m (32(ln2)2 _ 1)
X, = [y W2dW,
Xy = f(]t Wsdds integrable?
t + :
E UO Wfds} = [y E[Wi]ds = [, 3s%ds = (t%)

= X, is square integrable martingale

2
variance: V (X;) = F [(fot w?dWs> ] = by isometric equality = E {fg Wfds} =
43

Find the covariance of

. W, and [ sdW,

we can define Wt:fot 1dW,. Therefore, the covariance is cov (fot 1dWs, fot deS) =
E[fgl*sds} = %

W, and [ wedW,

cov <fg 1dWs, fot WSdWS) =F Uot 1% Wsds} = using Fubini-Theorem =
[T E[W]ds =0

(compare with exam question 5. (What can we say about the increments

of Tto-integral): the covariance is zero, BUT we cannot claim that there
is no independence)

let X; = fg sdW,. Find expectation and variance and
check the martingale property of:

o XedW

First, we will check the integrability of fot X2ds. = E [fot des} < oo

Using Fubini-Theorem, we get F [f(f des} = fot E[X2?]ds
for E [XZ] we can show: E [XZ] = E {(gdes)z} = by isometric equal-
ity (under the assumption that (fot s?ds integrable) = F {fot SQdWs:| =

53 53
I~ [?} =%

Now, we plug in this result for £ [X 52] and get:
[y E[X2)ds = [§ 5ds = 33
= fot X2ds is integrable

fot XdWy is square integrable martingale



= B |y X.dW,| =0
2

variance V ( [y X,dW,) = B {( Jy Xoaw,) } = B[ J; X2ds| and we have

. 84
already seen that this equals to 5
. fot W,dX, = here we apply the associativity rule = fg W x sdW,
Now, we will check the integrability of A; = fot (W, * 5)°:
E [y (W, xs) ds| = by Fubini [ E [(W, «s)*| ds = [y B [(W,)*] ds =
o=t
= A = fot (W, * s)? is integrable
fot WsdX; is a square integrable martingale.

t
E |y WedX,| =0
2

variance: V (fg WSdXS) =F [(fot WSdXS) } = % (We have already
showed it when we checked the integrability of A;).





